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Multimedia Communication Technology

Problem 1.1

a)

b)
©)

per image frame: 720 x 576 + 2 - (360 x 576) Byte = 829,440 Byte
per second: 829,440 Byte - 25 = 20.736 Mbyte

per minute:  20.736 Mbyte - 60 = 1.24416 Gbyte

whole movie: 1.24416 Ghyte - 150 = 186.624 Gbyte

186.624 x (1:40) = 4.6656 GByte

20.736 Mbyte/s = 20.736 - 8 Mbit/s = 165.888 Mbit/s

165.888 Mbit/s - (1:40) = 4.1472 Mbit/s using MPEG-2

Increase by 10%: 4.1472 Mbit/s- 1.1 = 4.56192 Mbit/s

Problem 1.2

a)

b)

Rate for video signal: 56 kbit/s— 16 kbit/s = 40 kbit/s

buffer memory size: 40 kbit/s - 200 ms = 8 kbit

Mean number of bits per frame is 40 kbit/s : 10 frames/s = 4 kbit/frame (target data
rate). Decrease of Q factor by k effects increase of actual data rate by (1.1) —if the Q
factor is increased, k is less than zero, such that the data rate becomes lower. Effect of
the rate control: updated data rate = actual datarate - (1.1) <target

4.84 kbit - (1.1)* < 4 kbit = (1.1)* < 4/4.84 khit = k - log (1.1) < log (4/4.84)

k <log (4/4.84) /log (1.1) =-2

Consequently, the Q factor must be increased by two steps.

Problem 2.1

3 A-la b]:{z 2} i-[a B]T:{aT}:FO g.ll} : KA:.{l o}

D) SEEFIQUIE ..o

o |al=2 ; |A|=2=

01 bT | |bo

a'la=1l = 23,=1 = 50=%
a'b=0=23+4=0=>4§=-1
b'a=0= 20, =0=h, =0
b'b=1=2n,+b=1=b=1

~ |1 _
A= (2) 1 1“5 b

N Vm

[l

Problem 2.2
RER
a) With the frequency domain sampling basis F = wg - 21
-1
2

Interpretation from the following Figure: Boundary of base band (gray) in the first quadrant
is limited by lines g; and g,. The centers of basebands and of next periodic spectrum copies
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Solutions on End-of-chapter Problems 3

® establish corners of triangles having side lengths [fo|=[f1|=|od. Triangles A,B and C are
congruent.

The intercepts of the lines are as given in the following table:

Wy axis W, aXis “2p
0, |parale g2

% | wg-+3/3 s

Theline equations are

. 0]

Or: a)2=7s
Gt — A 1 P2 o 422208
0)5'\/5/3 Ws V3 43

All signal components above any of the two lines
must be zero to fulfill the sampling conditions.
In the first quadrant, this can be formulated as
(02 a)S
NeRNG

Generalization into all four quadrants gives (2.62).

X(jow, jo,)=0 for a)z_& and o, +

b) From Figure above: Gray areain first quadrant (rectangle + triangle B having haf size
of rectangle)

0B o 0l
® 2 6 4 2
In comparison, using rectangular sampling with ax=as in the first quadrant (from Fig.
2.13c)

AL - (wsjz = Dec_ % ~0.866

wg-15=

2 Ae
¢) FromFig. 2.12c resp. length of the basis vector d, from (2.54) : Riex :S-%.
3
For rectangular sampling R =S :>Rhiex_£
ect — = .
' Rrect \/§
2 R, 1
d) Dhex| = 1_7 0=—=—T1
R )
Arect

Results of ) and d) determine the factor, by which the number of samplesislower in
case of hexagonal sampling, as compared to rectangular sampling using identica line
spacing. The result from b) is the reciproca vaue, as the size of the baseband spec-
trum behaves reciprocally with the 'ssmpling ared.

e) Areaof the CCD chip 10x7.5 mm?, M-N=4-10° Pixdl.
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10 4

j— —_— —_— . = . ©
Rectangular: K= 5= M = N = 3 Nigw "Ny =410
= N, =+/3-10° ~1,732 rows
2 10 /3 2 .

= N, =v2-4/3-10° ~ 1,861 rows
Sampling distances:
rectangular 7.5 mm/ 1.732 = 4.33 um ; hexagonal 7.5 mm/ 1.861 = 4.03 um.
Problem 2.3
a) Boundaries of the baseband: |@,|+|@,|= % =@, | +% < % = |, | < % :

b) According to the result from a), the sampling condition is violated. Alias in the first
quadrant results from the spectra copy a @, =wd2, @, =w42. The resulting dias fre-

quency is @, =wy2-ax/3=0d6, @, =ad2-wd3=d6.

RN
Center of
o spectral copy
2 29
2 iolati f
?S 77777 %X;;Iinagn%negraﬂ
Ws | _ : visible
6 ! : diasfrequency
| | ~
6 3 2
Problem 2.4
a) Sampling distances:
T=—1 20 ms; R=22"_5777 um; s="2 ™ 2604 ym
50 Hz 360 288
Velocities:
T 20 ms S T 20 ms S
; S .2t wg
b) Length of a cosine period : 40 samples = @, =——=—.
40S 40

Limit condition in the first quadrant (positive frequency) @s; s <$

. wg V4
with o, =0, -u+w, v=>w,,, u+—=>-v<—.
' 40 T
Substitution by normalized frequencies and pixel shifts:
Q Q
a)lzglﬁzil ; 0)2272 ; u:k.B ; v=|.§
2r R S T T
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Q
=

Lmax k.

R

—|_L;U
U ff’._g')

(S}
—w
N

=I5

:leax~20+%<7r lemax<% resp. a)lvmax<&

Problem 2.5
2R R R
a) Example of apossible sampling matrix: D=/ 0 S 0|=[d, d; d,].
0 0T
f, 100
b) Condition F'D=1 resp. |f,|-[d, d, d,]=|0 1 0
f, 001
fo! “dg =16 2R =1 = fo0 =1/(2R)
fol d;=0& R fog+S fig=0 = fo=-1/(2S)
fol dy=0& R foo+T fpo=0 = fpo=-1/(2T) 1y
f,'-dg=0& 2R fo, =0 = fg,=0 i 2? 1
f,ldy=lo R fo, +S-f =1 = f,,=1/S =F=[D"] = 35 S
fildy=0@ R o +T- ;=0 = ;=0 1,
f,' dg=0&2R-fy, =0 = fo,=0 2r

fl dy=0& R fo,+S f,=0 = f,=0
fol dy=1e R fo+T fop=1 = =T

5

|~

c) For simplicity, the sketch is made for normalized sampling distances R=S=T=1, and

for adual basis system F* with all-positive vectors in the 3D frequency space:
T
12 0 0] |[2 -1 1"
F'=|1/2 1 0|=[/|0 1 O

1/2 0 1 0 0 1

,

©;
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6  Multimedia Communication Technology

The Figure above shows (left) the boundary plane of the baseband in the first octant of the
3D freguency space, intersecting the basis vectors at their respective centers. The volume of
the baseband over all eight octants is an octaeder (right). Consequently, intersecting planes
a =0, =0 and @5=0 result for pairs of frequency components @,/ s, an/w; and o/ w,
in a baseband shape of 2D quincunx sampling, respectively.

Problem 2.6

@ Quincunx grid: R=§ R=S=92. Hexagona grid: R=S-/3;R'=S-4/3/2,S'=S/2.
This corresponds to the grid shown in Fig. 2.19, which differs from Fig. 2.12c in terms
of grid positions (rotated by 30°). Possible basis matrices are

ﬁ 0 3 ﬁ
D =S 2 or D,=S 2|
1 o 1
2 2
b) 6.(r)= Ors(r,8)+0g4(r-R',s-S")
47 OR A0S 2r 2
C) f{é‘.a(r)}:%dﬂwm&(a)l,a)z)-(1+e J(@R 25)) (()R:E, (()S:E

For any frequency position kaxR'+lwsS=(2m+1) 7z (k,|,m) integer (shown light gray),
the members of the Dirac impulse grid are cancelled out. The quincunx grid as shown
in the Figure remains.

|" 2n/iR

d) Condition in frequency domain: If the Fourier transform of o, (r) is not real-valued.
Condition in spatial domain: If any linear combination of basis vectors does not point
to avalid sampling position, e.g. for R=S R=S=54.

€) SeeFigureabove.

f) Observed signal: Xqias(r,s) =A+B

Problem 3.1
a) E{[x(n)ix(n+k)]z}20 = E{[(x(n)—,ux)J_r(x(n+k)—,ux)]2}2O

E{ [x() - 22, P} 2 E{ [x() — g1, ] [x(n + ) — g, I+ E{ [xn +K) - 1, 2 J2 0

=202 2r'y K)|20 =022y (K)

b) 1, (k)=E{x(n)-x(n+k)}=E{ x(n+k’)-x(n+k+k?)} for al k'
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Solutions on End-of-chapter Problems
K'=—k: ry(k)=E{x(n=K)-x(n)}=ry (k)
O 1y &) =E{[xn) ~ 11 ]- [y +K) - 1, ]}
=E{x(n)- y(n+k) }-E{ x(n) }- &, —E{ y(n+K) } pr+ 1112,

=1, (K)— s, with E{ x(n) }=x, and E{ y(n+k) }=u,

d) diy [E{ (xtn) - y)z}]zdiy[ Elx2m)-2y- Elxm}+ y2]=-2 E{ xm}+2-y=0

= y=E{xm}
x(n)
€ E{x~xT }: E{ | x(n+2) |-[x(n) x(n+1) x(n+2)]
x(n+2)

=] E{x(n+D-x(n)} E{x(n+1)-x(n+1)} E{x(n+1)-x(n+2)}
|E{x(n+2)-x(n)} E{x(n+2)-x(n+1)} E{x(n+2)-x(n+2)}
[1.(0) 1,(D) fm(Z)]

[ E{x(n)-x(n)} E{x(n)-x(n+1)} E{x(n)-x(n+2)} }

@ (0 1@
[h(2) 1) 1. (0)

Problem 3.2
b 1 F[3] w
p=ae™ ; a= yl ; b=— i ; T(x)=[e'ydy
2]"(] Ox ]"[ 0
/4 4
Jz 1,
a) Ux \/; Ux 2 20-)(2 2 \/7_[ 27Z'O'X2
= p(X) = 1 .e72‘7'><2
2r0}
V2
1 2 \/E Oy 1 1 4
B beoy I P ATt S =t e ©
oy V1 oy 2 J2.0, V2.0,
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8  Multimedia Communication Technology

_ 1 [T@I=)
o, \ T/ )
Assumption : b is a positive and real-valued constant. Different cases are:

=7

4647 _q

\X\<% =<l =[p¥" =0 =e
{>t =[>1 === =e™ -0

Thisisauniform distribution, p(x)=a=b/2 for —1/b<x<1/b.

p(x)
A
b/2
>
-1/b Ub X
, 1/b ) 1 b
Theconstantsaandbare: 0, =— | X’dx=— = b= a=g=
,i[b 3b2 \/é'o-x 2 \/E
Problem 3.3
1 2
=0 S O=07 |- 27
a) . (1)—62' e (2)—02' 2 Rx=0"lp 1 p
XX =0, P, XX =0, - p p2 P 1
100 100
b) R'xx=0'x2 01 0|=[R W]flziz 010 Det|R'XX|:[q<2]3
001 1o 01
x] [1 0 0][x
L ,202.{4 .{0 1 0-[x2 1 ,L.[xfafxz%xﬂ
Py(x) = e o e ™
(2r) -(0,) (27)"-(0?)
1 - Xlzz - XZZz - X3zz
- 587 e e ¥ = pg(x) P (%) Ps(X)

Problem 3.4
a) For the example of a2D Fourier transform:

© OhnVIENT 2003




Solutions on End-of-chapter Problems 9

X(jQq, jQ,) = i ix(m, n)-e 1M . g=in% is real-valued for e"-=t1, which occurs
M=—c0 N—oco
independent of the m,n for Q,=k-wt, Q,=|-n. Mapping into discrete frequencies u and v

of the DFT with Q, =u~% ;o Qy =v~% gives as candidates Q;=0 and Q;=m,
with 0<u<M, 0<v<N. Substitution gives
O:u-ﬁ =u=0 ; Ozv-ﬁ =v=0

M N

2 M 2 N
T=Uu"—"— DU=— ;| ZT=V-"— SV=—
M 2 N 2

The lower two conditions are only fulfilled for even-valued M,N, as u,v must be integer.
For odd DFT analysis lengths, no DFT spectral line is found at exactly half sampling
frequency.

i M and N even: Real values for u=0,v=0 ; u=M/2,v=0 ; u=0,v=N/2 ; u=M/2,v=N/2.
ii. M even, N odd: Real values for u=0,v=0 ; u=M/2,v=0.
iii. M odd, N even : Real values for u=0,v=0 ; u=0,v=N/2.
iv. M and N odd : Real values for u=0,v=0.

~ M-1N-1 2 e
b) X*(U,V): ZZX(m]n),WMmJ .WNnv mit WM :eJM und WN :eJ .
m=0 n=l
A M-IN-1
X(M -u,N —V) = Z Zx(m7 n) 'WM -m(M -u) .WN,n(N,V)
m=0n=0
M-IN-1 - . N .
= sz(m,n)-WM Wy W™ Wy
m=0n=0

) poy —-j—mM - N —jE-nN .
with W, ™ =e M " =¥ =1 and W™ =e N =g l¥M=1
equality of the two expressions is given. The positions of conjugate-complex
pairs in different areas of the spectrum and the positions of real-only values are
shown for casesi. (a) and iv. (b) in the following Figure.

° oo ° oo
4® o 4® @) a® [ T )
/ ~i A \ / ~ o A \"
! S // / /
N ~ /
rr -7 NN ‘/ S
| ° T L O |vi2 | % vi2
| | s \ \ s \
\ \ \ 1 P s \
\ P N \ - M
N < N N «
o ® o O o ® O
< c
O, u N o u 'S
5 o
@ real-only spectral values L~ ~a conjugate-complex
[ ) O pair of spectral values
a) b)
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10  Multimedia Communication Technology

Problem 3.5
a) For statistical independency, P(j1,j2)=P(j1)-P(i2). P(1l2=P(1), P(2l)=P(2). Hence,
H (Jz | Jl) Z_ZZP(L)' P(j,)-log, P(j,)
==Y P(i) X P()-log, (i) = H (),
similarly for H(jllj:;). This gives
(i1 12)=H(2)-H(2 i) =H()-H(11]2) =0,
which can a so be shown directly:
(i1 2)= ZZ P(j1)-P(j2) 109,

i e

P()-P(i2) _
P()-P()

b) For this case, P(j1,jo)=P(j1) Kj1-j2)=P(2) Kj1-j2), P(1li2)=P(i2li1)=j1-j-) (discrete delta
impulse: =0 for j,# j», =1 else). Hence, all entries j,#j, can be disregarded:
H(iili2)= D P(i)10g,(0=0 =1(ji;ij2)=H(i1)-H(izli2)=H(i1)
j1(i=i2)
which can a so be shown directly:

L : P(j1) . 1 _
1Gsi2)= Y Plip)-log, ——% = 3" P(j,)-log, ——=H
(i1 d2) L (i) 2 P()-P(y) L (i) 2 P(y) (i)

Problem 3.6

2 '
vl 22 02 a1 oy -y
a) ‘ny‘—axay My R'y —~[ 5

1 0,2 (ko oo 2y, P-2r ' (x—0 My-s,)
1 2 020, 1

p(xy) =————"¢
J@rPR

I'y=0: (in the sequel, assumption of zero-mean signas, 14,=/4,=0)

105 x0 Y 12 1
1 2 oo/ 1 1 20 _ 20)

N e = .
27[)2-0'X2 -O'yz \/27r-0'X2 \/27[-O'X2
= p(X)- p(y)

p(x,y) =

x=y : Asjoint values with xz£y cannot occur, the following condition holds:

YJ:S p(x, y)dx = T p(x,y)dx=0for all £>0 and T p(x, y)dy = p(x)

y+€

© OhnVIENT 2003



Solutions on End-of-chapter Problems 11

Using the "sifting property" of &-), these conditions are fulfilled by the following function
using the Dirac impulse: p(x,y)=p(X)- Xy-X). This also guarantees that the volume below the
joint PDF isone:

J [ pcydvon= | Jp0o-aty-xayex= [ p0o- [s(y-xaya= [ p(ax=1

—c0 —co —o0 —co
[ —
=1

Formally (not strictly analytically) it can also be shown that the joint PDF possesses a
singularity (Dirac impulse!) for x=y, which however scales with a Gaussian parametrized
over x. With 62=a;’=r'y, which holds true for x=y:

102 %+02x*-20.2 %2

p(xvy)‘y:x: > -e2 Oy 0y =0y"0x
Jer) (o7 0-007)
1 Aolol)é .
- ! 2070 ont o) _ 1 1 e
= e _ _ .
\/(Z”)Z'O'XZ'(O'XZ—O'XZ) \/27r~(0'x2—0'x2) \/27r0'x2
= 3= )
b p(x.y) 1 e g
) p(y|x)= = e el

0~ (o)

Expressed by normalized covariance coefficients p'y=r'y/(oxc;) :

5 1 o X402y -20,0,p'y W K
Zﬂ'O'X e 2 olao)f (l—p'xf) ol

p(y[x) =

2

\/(2”) 00/ '(l_plxyz)

2.2 2,2 . 2 2 v 2
102X 40,2y -20,0,p" X2 -0, (1—pxy )

2 ola) (1’/"x‘/2)
o yP-2040ypty xyrl oyt p'n?
— 1 e ooy i)
2 2
2r-o, -(1—p Xy )
ot vz
_L(oxyoyp'yx) 1
_ 2020} (1*p'xyz) _ 2 o (1"7 XYZ)
2 "2 2 "2
2r-o, '(1—ny) 2r-o, '(1_pxy)

For uncorrelated signals, 0',,=0:
Ay

1 252
Py =———"¢ """ = p(y)
27[-0'y

Problem 4.1

) |:1 p}. ¢u,0 =/1u~ ¢u,0 © u=01
14 1 ¢u,1 ¢u,l

© Ohm/IENT 2003
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U=0: goo+p-bo1 =1+p)boo i P Poo+Por=0+p) o1 = Boo=001
U=l: go+p ¢y = (1- P)'¢1,o ;PO tPn = (1- P)'¢1,1 = Po=—¢1

Orthonormality:

2 2 ) 2 2 2 2 2 2 1
oo +P01" =1 5 G +d =1 = P =001 =0 =P =2

2
V2 V2
P00 = Po1 = 17 v G =P = i7
YA
b) 4 possible solutions (combinations of + signs) are 2
(one of whichisshown here.................... ) >
| |
Ik e | L
O, =t ;@ =1 ! o
S R 2 E ) 1 N
2 2 ~ @ V2 ,x
2 2

¢) Basissystemisorthonormal and real: ¥ *=¥"

J2[1 1 .

vY=[®, ® |=-= =¥
(@, @ =27

d) RF1-07; A A=(1+p)-(1-p)=1-p*=|A| in the eigenval ue system

RY=YA ; A:Fi 0}
0 1,

Problem 4.2
Proof of autocorrelation properties:
Xag(N+1) = p- X,z (N)+2(N+1)

Xag (N+2) = p- X (N+D) + 2(N+2) = p* X, (N) + p- Z(N+1) + Z(N+2)
Xur (N+K) = p- X (N+Kk—1) + (N +Kk) =,ok~xAR(n)+Zk:,o"’I -z(n+1)
£ (K) = E{Xeg (e (1K)} 7

=p* E{Xar (M) Xye (N) }+ E{XAR(H)Zk:Pk_I Z(“*")}

=0,

=0

() = 1, (K) = 1, (K) = 5,2

Proof of variance properties:
0.7 = E{Z2(0)} = E{ (X (M) = p- %4 (1-D)’]

= E{(XAR (n))z}_zp E{XAR(n)'XAR(n_l)}+p2 E{(XAR(n_l))z}

2
-2 =p-oy

=0 (1-p’)

[ —
sy 2
=0,

© OhnVIENT 2003
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Proof of spectral properties:

U= e
2
Q) =02 B(jQ) = Iz ;
S«( ) o, ‘ (J )‘ (1_p.e*19)(1_p-em)
o} o}

z z

:1—p~(e’j9+ejg)+p2 T1-2p-cosQ+ p?

alternatively by Fourier transform of ACF:
S.@= Y e =07 Y pe =0, {i(pe’“)k +i(pe"“)k}'
k=0

k=1

k=—co k=—c0

With ia“ -1 when |g|<1:
k=0 l-a

O'2 1- 2 2
DSXX(Q)ZGXZ %_‘—%_1 = . ( p) = %, 2
1-pe™ 1-pe’ 1-p-(€+e®)+p* 1-2p-cosQ+p

Problem 4.3
2| P|_ 2|1 P.a(l)
7o) o)
a+p-a@=p =a@)=p-ll-a@2)]
p-al)+a(2)=p* = p*-[1-a(d)]+a(2) = p* =a(2)-[1-p° | =0
For p1: a(1)=p; a(2)=0. For p=1: a(1)+a(2)=1
Problem 4.4
o, =E{e’(n)}= E{[x(m, n) - X(m, n)]z} : %(m,n) =0,5-x(M-1,n)+0,5- x(m,n—1)
o, =E{x*(mn)}-2.0,5-E{x(m,n)-x(M-1,n)}-2-0,5- E{x(m,n)- x(m n-1)}

13

+0,5-0,5- E{x*(m-1n)}+0,5-0,5- E{x*(m,n—1)}+2-0,25- E{x(m~1,n)- x(m,n—1)}

2
X

=0?-p,-0°-p, 0,°+0250672+0,250,°+0,5 p,-p, O
:O-xz’[lls_ph_pv+015'ph'pv]

For p=0,=0,95 : 6:?>=0,05125. 55>
Separable Predictor : Prediction error = variance of innovation, according to (4.61)

o’=0/=0[1-p][1-p}] - For p=p=095: c:*=0,009506 c;

Problem 4.5
a) Result asin Problem 4.4:

ol=0/=07[1-p][1-p}] . For p,=n=095: 0:’=0,009506 ;’.
b) Asaresult of tranglation shift: x(m,n,0-1)=x(m+k,n+l,0)

© Ohm/IENT 2003



14  Multimedia Communication Technology

ol = E{[x(m,n,o)— x(m,n,o—l)]z} = E{[x(m,n,o)— x(m+ k,n+|,o)]2}
= E{xz(m, n,o)}— 2E{x(m,n,0)- x(M+k,n+1,0)}+ E{xz(m+ k,n+l ,o)}
= 20-x2 |:1_ ph‘k‘ pv“‘:|

For p=p,=0,95 : 0,°=0,8025.;°
¢) By knowing actual shift for prediction: x(m-k,n-1,0-1)=x(m,n,0)

0l2= E{[x(m, n,0)— x(m—k,n—1 ,o—l)]z} = E{[X(m, n,0)—x(m, nno)]z} =0

Problem 4.6
1 1 1 1 11 1 1
g pHay _1[1 1 -1 -1 ; pwase 11 1 -1 -1
2I1v2 -v2 0o o 211 -1 -1 1
0 0 2 -2 1 -1 1 -1
b) C:[TV'X]'ThT
i) Haar basis .
Vertical transformstep C, =T, - X
1 1 1 1 (18 4 2 4] [20 8 4 8
C_11 1 -1 -1|(18 4 2 4| |16 0 0 0
V22 V2 0 o0 ||2 424 0000
0 0 V2 —2||2 42 4/ |0 000

Horizontal transformstep C=C,, - T,,"

20 8 48|11 42 o 20 8 6J2 -242
c_1[16 00011 1 V2 0| |8 882 0
2|0 000||1 -1 0 42 00 O 0
0 00O0|[1 -1 0 —+42| |00 o 0

ii) Walsh-Basis :

Vertical transformstep C, =T, - X

11 1 17[18 4 2 4] [20 8 4 8
101 1 -1 -1|/[18 4 2 4| |16 0 0 O
201 -1 -1 1|2 42 4/ |0 000
1 -1 1 -1/|2 42 4/ |0 000
Horizontal transformstep C=C, - T;,"
208 48|11 1 1] [2088 4
c_tllBoooj11 11 |8 &8s
0 00o0|l|t-1-11| o000
0 000|111 -11]0 o000
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Solutions on End-of-chapter Problems 15

¢) Haar transform better suitable for this case, as more coefficients are zero, which typically
requires lessrate for encoding.

Problem 4.7
(V2 2 V2] [Y2 V2 42
2 2 2 2 2 2 .
0
3 T°°s=\ﬁ cos” cos” —cos” |=. |2 ﬁ 0 —@ =t
3| 6 2 6| V3| 2 2 .
1 1 t
COS— Ccosrxt COS— — -1 —
I | 2 2
2
tT.t = \/é @ﬁ_ﬂﬁ -
°o 3) 12 2 2 2
,
toT'tzz \/g ll_ﬂ_,_ﬂ} =0
322 2 22
.
t,t,= \E LB 181,
3) 22 22
2V [(V2) (v2) (2] 23
tOTtO:\P A=+ =] +|=| |====1
3 2 2 2 32
2\ _ 3) 3V | 23
tf-tlz\/: : +0+| —| |==-==1
3 2 2 32
2Y [r1y 1] 23
t, t,= \ﬁ JIE] +1+ 2] =2 ==1
3 2 2 32
1 p p°
b) Rxxzo-x2 p 1 p ) Rcc—[T Rxx] T'
p: op 1
V2 2 V2]
2 2 2
1 p p
R'.=T-R,=0} 2|43 0 —£~ p 1 p
3|2 2 o1
1 4, 1
2 2
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g.[1+p+p2] %-[1+2p] 72-[1+p+p1
=0'x2~§ ?[1—,02 0 ?3[,)2—1]
%~[1+p2}—p p-1 %~[1+p2}—p
f~h+p+p2] 72-[1+2p] Y2 b p+p?] g é
Rcc:R'cc'TT:O-xz'g' \/25 [1 2] 0 \/25 [pz_] g 0
%-[sz]—p p-1 %~[1+p2]—p V2 43
2 2
Z+2p+p° 0 §~[p2—p]
w3l o gkl o
22 P
ER G LI

28683 0  -0,033
¢ p=09: R . =¢2| 0 00975 0
-0,033 0 00342
18333 0 -0177
=05 R ,=02| 0O 075 0
0177 0 0,41671

In the second case, higher correlation is observed between ¢, and c,; less concentration of
energy in low-frequency coefficients.

d) tr(Ry) = tr(Ree.1) = tr(Rec2) = 3-6,%. As the transformation is orthonormal, the total vari-
ance is unchanged.

Problem 4.8
Q Q .Q .Q
a) j(to)zi_’_ﬁ,e’JQ:eJZ, Q.eJZ_{_Q.eJZ :eJZ,\/E,Cosg
2 2 2 2 2
Q Q .Q .Q
Z(t,) i—ﬁ-e”‘z=ejz- Q-ejz—ﬁ-elz :elz-x/z-j-sin9
2 2 2 2 2
T-Q
_e'7 J2.9n2
2
b) — | | =1 || v |=0
2 2 2 2 2

© OhnVIENT 2003
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Solutions on End-of-chapter Problems 17

©) V2. cos( j J2. sm(2+%]=ﬁ~sin[%—%j

[with cosa=sin(a+x/2);sna=sin(r-a)]

2 2
d) {\/icos%} {ﬁsin%} =2 {cos %+sn29} 2

2

Problem 4.9
a) Arguments of the windowing function:

W(O)=Sin%=A ; w(l):sin%:B ;o wW(2) = sm%[ B ; w@-= sm%[ A

Arguments of the cosine function:

h',(0) = cos[—g] B; h',(D= cos(s)zB

h'0(2):cos[3gj A;h', (3= cos(‘rwj -A
h'ﬂO):cos[—%j:A; h'1(1)=cos[ j

Y\ _ L. _ 157 _

h',(2)= cos[ p j— B; hl(3)—cos[ 5 j—

Basis vectors:
to=[A-B B-B B-A -AA' ; t;=[A-A B-A -B-B AB[
b) to' t;=t; -to=A%-B+B*-A-B3.A-A®.B=0
t) -t = A*-B?+B'+B2 AT+ A'=[ A4 B
Tt =A+BL A 4B+ AT B =[ AP+ B7]
2
2
[A2+BZ] =[sin2£+coszf} =1
8 8
C) #(t,)=AB+B*. e +AB.¢ 1 - AN .g1* = AB-[1+ e’jz"] +e e A -[e’j“ +e’j3“]
:AB-e”“~[ej“+e’j*’]+e’j*’—Az~e’jZ£’-[e‘“+e”“
=2AB-€* .cosQ+e i -2/ 1% .cosQ =g -[1+ 2c0sQ-(AB- A’e )J
F(t)=A+AB.e®-B e+ AB-e* =1-B[1+e "] + AB-[ e +& %]
=1- Bz.efjﬂ.[ejﬂ+e j!l]_‘_AB.e ]ZQ.[ejSZ_‘_e ]Q:|

=1-2B’ e cosQ+2AB-e'** .cosQ =1-2¢ " .cosQ-(AB-e ' — B?)
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18  Multimedia Communication Technology

d) The basis functions do not express impulse responses of linear-phase filters, as the trans-
fer function is not of the form T(Q)e’. Fast algorithms can be realized, as same fac-
tors (A%,B2 AB) are used multiple times. By appropriate reglization, at most three mul-
tiplications/sample must be applied to compute the 1D transform.

Problem 4.10

a) Relationships of filter impulse responses: h, (m) = (-1)*™ - h, (1—m)

Filter with 6 coefficients, lowpass:
ho(-2) ho(-1) ho(0) ho(1) ho(2) ho(3)
A B C C B A

Filter with 6 coefficients, highpass:

h(-2)=-ho(3) | M(D=ho(2) | hi(0)=-ho(1) h1(1)=ho(0)

hy(2)=-ho(-1)

hi(3)=ho(-2)

-A B -C C -B A
3
> hy(m)-hy(m) =A% +B? -C? +C*-B? + A’ =0
m=-2
3
3 h2(m)=2-(A2+B2+C?)>0 ; u=01
m=-2
Filter with 5 coefficients, lowpass:
ho(-2) ho(-1) ho(0) ho(1) ho(2) ho(3)
A B C B A 0

Filter with 5 coefficients, highpass:

h(-2)=-ho(3) | M(D=ho(2) | hi(0)=-ho(1) h1(1)=ho(0)

hy(2)=-ho(-1)

hu(3)=ho(-2)

0 A -B C

-B

A

3
> hg(m)-hy(m) = AB-BC+BC—-AB=0

m=-2

3
> hZ2(m)=2-(A2+B2)}+C2>0 ; u=01
m=-2

b)
Filter with 6 coefficients:

z-transfer functions of the equivalent polyphase filter components (without subsampling):

Hoa(2=Ho(2)=A2°+B-z+C+C-z'+B- 22+ A2

H' a(@=Hy(2)=-A2°+B-z-C+C-z'-B-z*+A- 2
Hog(@=2"Ho(2)=Az+B+C-z'+C-z2+B-z3+A.z"*

H' a(@=2"'H()=-A2z+B-C-z'+C-z?-B-z3+Az"*

Subsampling eliminates the odd-indexed filter coefficients:

© OhnVIENT 2003
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Hoa(2)=Az+C+B-z™"
Hia(2)=-A-z-C-B-z"
Hog(2)=B+C-z'+A- 272
Hia(2=B+C-z'+A 22

Due to Hy a(2=-Ho a(2) and Hy g(2)=Hos(2), the A and B branches each require afilter with
2 delay taps and 3 multiplications. As this is performed in paraléd for two samples, only 3
multiplications/sample are necessary effectively (instead of 12, when lowpass and highpass
filters are applied directly before the subsampling steps).

Filter with 5 coefficients:
z-transfer functions of the equivalent polyphase filter components (without subsampling):

Hoa(2=Ho(2)=A 2> +B-z+C+B-z '+ A 272
Hia(D=H (=AZ'-B+C-z'-B-z?+A- 23
Hog (2=2"Ho(2=Az+B+C-z'+B-z2+A z°
H'ia @=z'H,(9=A-B-z'+C-z?-B-z3+Az*
After subsampling:

Hoa(2)=Az+C+A 2" =C+A~( z+z‘1)
Hia(2)=-B-B-z™" :—B-(1+ z’l)

Hog(2)=B+ B-z7'= B~(1+z‘1)

Hia(2)=A+C-z21+ A 272 =C-z‘1+A-(1+z‘2)

Here, again 3 multiplications/sample are necessary (instead of 10 for direct computation).
In the A and B branches, each one filter with one and two delay taps must be implemented.

Problem 4.11
00100
010 010 028 20
ALl 4 qlsslls 4 1/=1]18 2081
010 %010 o238 20
00100

b) c=1 for (4.248), c=2 for the result (5x5 matrix) of a). The filter of the subsequent pyra-
mid level would have an eguivaent effect as a large filter convolving the result of a) by
itself: This results in a 9x9 filter matrix, where the coefficients =0 establish a diamond-
shaped neighborhood system ,%:
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00 1 00O 00 1 00O
02 8 20 02 8 20
i182081**i182081
64 64

02 8 20 02 8 20
00 1 00 00 1 00

[0 0 0 O 1 0 0 0 O

00 0O 4 16 4 0 00O

0 0 6 48 112 48 6 0 O

0 4 48 216 400 216 48 4 O

S 1 16 112 400 676 400 112 16 1

409% 0 4 48 216 400 216 48 4 O

0 0 6 48 112 48 6 0 O

00 0 4 16 4 0 00O

00 0 O 1 0 0 0O

¢) Computation of the diétancas related to the center of the filter matrix is performed here
row by row, starting at the top-|€eft position:
Filter (4.248) :

o? :1-[ 1-12+1-12+4-02+1-12+1-12]=1.
8 2
Result of @) :

1
o’ = a . |:1-22+z-(JE)Z+s-12+z-(JE)Z+1-22+8-12+20-02+8-12+1-22+z-(ﬁ)2+8-12+z-(ﬁ)2+1-22]

1 ) 2 ] 1
o [4 2 +8-(V2) +32 1} o [16+16+32]=1.

The "variance" of the filter kernel, i.e. the extension of the Gaussian shaped impulse re-
sponse, is doubled. The transfer function behaves reciprocally, which means that the band-
width of the signal is reduced by afactor of two with each level of the pyramid.

Problem 4.12

2 2 2 2
O, (l P 2:O'x (1 P) :o-ixﬁl+p=9(l—p):>p:0,8
1+2p+p 1+p 9
o/=0(1-p?*)=0,3607
b) Prediction of x(n) is performed from x(n-2). Hence,
r.(2
rxx(z) — O'XZPZ - aop[ — x;(z) :pz

X

a) SXX(Q = 7[) =

¢ g(n)=x(n)-p°x(n-2), n'=int(n/2)

c,’= E{(x(n)—pzx(n—Z))z} =E{x*(n)}-2p* E{x(n)x(n-2)}+ p* E{x*(n-2)}

oy Ox P ol

1
1-p

=6x2(1_p4) =G=

4
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d)  e(n)=x(n)-p°x(n-2); &(n’)=x(n-1)-p°x(n-3)
E{e,(ne,(M)}= E{[ x(n) - p*x(n-2) |[ x(n-1) - p°x(n- 3)]}
= E{x(n)x(n-1}- p* E{x(n-1)x(n-2)}

-p° E{x(xr1)x(n—3)}+ p! E{X(;I— 2)x(n—3)}
=0’ (p-p°)

Consequently, the prediction errors within the two polyphase components are not uncorre-
lated.

Problem 4.13
2

a) sz = 7O-Z = 77 =16

(2-¢°) (1—3j

16
b) 0. =E{(x(n)-x(n-1)"}
=E{x*(n)}-2E{x(n) x(n-}+ E{X’(n-1)}=20,-(1-p) =8

G = O'XZ 16
real — 0_62 _E
2
o 16 G 8
©) Gy = X == : Gfea' ==
o, opt
2
2 o - i
) Sel@ =S, (@ AjQf =——%2 —_.f1-e?)f-e?)
1-2pcosQ+ p
_ 20,%-(1-cosQ) _ 14-(1-cosQ)
1-2pcosQ+p? B Scos
[— . _l
9 B(p=2~ z

&Ny

Problem 4.14

g 1.1 -1 -12] [1 12
TdetT|-1 v2 | |1 -1/2
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b) Basis vectors have different norms (not unity). Equivalent orthonormal transform is

S:\/E{l 1}
211 -1
0 E{COZ}:%E{(x(nHx(n+1))2}:%[E{x2(n)}+2E{x(n)x(n+1)}+E{xz(n+1)ﬂ:@

E{c’}= E{(x(n) - x(n+1))2} = [E{xz(n)}— 2E{x(n)x(n+1)}+ E{xz(n+1)ﬂ =20, (1-p)

d) y-x=Tq= 1 12| q _ Q,+0,/2
1 -1/2]|q 0,—-q,/2

E{ly-x]' [y-x}=E{(a +q /2" }+ E{(ay- 0 /2)} = Z[E{q02}+ E{(Z“]ZH

Consequently, the quantizer step size effecting the quantization error g, should be half
of that relating to q;.

e) x(0)
(1)
x(2)
x(3)
1/4 1/4 1/4 1/4
1/2 1/2 -1/2 -1/2
T(4)=
1 -1 0 0
0 0 1 -1
Problem 5.1
a) i) 20 ii) 15 iii) 25 iv) 20 PY o0
b) iii) Two different root signds. @ @ iv):
) il g e oo
Problem 5.2
°
eO @ 00O o
Filtermask © @ O LI ) eOCe®@O0e®
eO @ 00O o
°
000O0O0
o eoO0 00O0O0 0OeO eo0
Rootsignd e o @ Oe eo0 0O 0O0O0O0
O eo0 0000 OeO eo0
000O0O0
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Problem 5.3

Assumption of constant boundary extension (4.9) for values outside of the marked bound-

ing rectangles:
10 10 10 10 20 20 20 [10 10 20 20 20 20 20
10710 10 10 20 20120 10110 20 20 20 20!20

8 y=[10!10 10 10 20 2020 P v=|10!10 20 20 20 20i20
10110 10 10 20 20! 20 10110 10 20 20 20|20
10 10 10 10 20 20 20 110 10 10 20 20 20 ' 20
10 10 10 10 10 20 20 0 010 10 10 0 ©
10110 10 10 10 20! 20 010 10 10 10 010

9 v=|10!10 10 10 10 101 20 d v-lo'o 10 10 10 10! 0
10110 10 10 10 10} 20 010 0 10 10 10i 0
10 10 10 10 10 10 20 00 0 10 10 10 O
10 10 10 10 20 20 20 10 10 10 20 20 20 20
10110 10 10 20 20! 20 10110 10 20 20 20120

® v=|10110 10 10 20 201 20 ) vy=|10110 10 10 20 2020
10110 10 10 10 20} 20 10110 10 10 20 20120
10 10 10 10 10 20 20 10 10 10 10 20 20 20

Problem 5.4

Eliminated in 1% iteration

a) |
Retained pixe
- Eliminated in 2" iteration
[ | | | |
b) L] 1 step: dillation
] | - N 2™ step: erosion
[ I [

Effect : Filling of holes, straightening of edges
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Problem 5.5

[ e e I
[ =
[ N
[ R L I
[ [ -
| ®
[ T N
[EN SUOPUO OO OO M S I
[ [ -
[ i |7
T T
~
[
SR N WU N M
T T T T .
[ A A T
[ N T n
[ T N N S
= L . 1 1 1
E © v v o « o o
<
£
[ St e A e i I
I o =
[ st e T
| o @
A Y A O
| L A A e
i [ e .
(. [ R R T
[ |
©
[ . [
[ [ i N
(AN S T N N
T i
-
[ T I A I T
T |
o
[ | |
= 1 1 1 1
E o v * ® & w o
<

b) Maximum difference filter

i) Median filter

iv) Dilation filter

iii) Erosion filter

m

7

11213141516/

0

vi) Closing filter

V) Opening filter

Problem 5.6

=
Vi
© N~
>
N Nt
vi =S X
= Vi Vv
= X X
T S
o O O
Y—  Y— Y=
<8
+ o+
>
o
N o~
sS¢
= 22
T
I QA
/|)\|\
[
~~
[
N
X

Problem 5.7

.25, v=.75.

=4

med[2,3,5]=3, B=med[3,4,5]=4, C=med[2,3,4]=3, D=med[2,4,5]
Parameters for bilinear interpolation: A — h=.25, v=25 ; B — h

A=

a)
b)

=325

52
16

4=
68
16

1
16

3
16

g-3+§-2+i-5+
16 16

1

16

3

16
Deviation between median and linear interpolation is .25 in both cases.

A=

16
9

=425

A=

-3+—-24+—-5+

é:

16
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Problem 5.8
a  x(r')=c(m) ~%+c(m—1)~[—(r +1)?+3(r'+1)-3/2]+c(m- 2)~M

= ;{C(m).r:+c(m—l)~(—2r P20+ 1) +c(m=2)- (1-2r'+r 2)}

1 -2 1|c(m-2)
==[r? r 1]|-2 2 0| ¢(m-1)
1 1 0f c(m)

b) withr'=0: X[r(m)]= %[c(m—l) +c(m-2)]

- 1

c(0) 100 0] [ x(0)
c(® 11 0 : x(1)
c(2) 01 1 0 " X(2)
= : =2 . .. : :
: 0 1 0
lc(M-3] |0 - 0 1 1] |[x(M-D]

Problem 7.1
Angle between two K-dimensional vectorsx andy :

X Y1 +Xo Yo+ + X Yk

\/x12+x22+...+xK2 ~Jy12+y22+...+yK2

cosgp =

—0.299-0.169-0.587-0.331+0.114-0,5

3 olv.G,)=arccos J0.299% + 05872 + 0.1142 0169 + 033 + 05 1es
0.299-0.5-0.587-0.419-0.114-0.081 .
PV, G ) =aroccs J0.299 + 0.5877 + 01147 J0.5 + 0.419° + 0.08T 1059
~0.169-0.5+0.3310.419— 0.5-0.081 ,
A G = arccos\/o.leg2 + 0.33121 05 V05 +0419° + 008 %08
D) p(X.v) = arcoos 0.607-0.299+0.174-0.587 +0.200- 0.114 _4g0

JJ0.6072 +0.1742 + 0.2007 -+/0.299? + 0.587% + 0.114

o(X.Z) = arccos 0.607-0.000+ 0.174-0.066+0.200-1.116 .
' \J0.6072 +0.1742 +0.200? -/0.000? + 0.0662 +1.1162

0.299-0.000+ 0.587-0.066+0.114-1.116
J/0.2992 +0.5872 +0.1142 -/0.000? + 0.066% + 1.1162

K e e
VO +(1F + (4F 3 Ta%

=77.17°

o(Y,Z) =arccos

©)  ¢(l,K)=arccos
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B e
Y82 (5P + (34 - 35+ 3o
R E PR

Vet Yo+ JoFer 2670

Interpretation: Only for the |,K,L transform, basis vectors are perpendicular, however the
transform is not orthogonal in strict sense, as the vectors have different Euclidean norms.
For Y,C,,Cy, the axes between chrominance components are approximately perpendicular.

For X,Y,Z, the angles between the component axes are significantly lower than 90°, which
effects alimitation of the color variations that can be expressed.

(I, L) =arccos

¢(K, L) = arccos

Problem 7.2
a) If S=0: R=G=B=V-Anx
dse:

If 0<H<A3 : RFMAX=V-Apx ; BEMIN=(1-9)R; G=H gS R+B;
V1

If W3<H<7z: G=EMAX=V-Ar ; B—R:(H ~§—2]~(G—MIN);
T

3
If 3<H<24/3: B=MIN=(1-9)-G; RZ(Z— H ~—j‘ S-G+B;
V2

3
If 22/3<H<7: R=MIN=(1-9)-G; B:[H ~——2j~S~G+ R;
T

3

If 7<H<573 : B=MAX=V-Ay ; R—G:(H ~——4j~(B—MIN);
T

3
If 7<H<44/3: R=MIN=(1-9B; G 2(4— H ~—j‘ S-B+R;
V2

If 47/3<H<573 : G=MIN=(1-S)B ; R:(H .3_4].5. BiG:
T

If 52/3<H<27: R=MAX=V A ; G=MIN=(1-S)-R; B= [6— H ~§j-S~ R+G;
V3
b) S=1,v=05 Yelow: H=73 = R=0.5-Anu ; G=0.5-Anu ; B=0
Cyan: H=7= R=0; G=0.5Ana ; B=0.5-Aux
Magenta: H=5/7/3 = R=0.5-Ana ; G=0 ; B=0.5-Ax
S=0.5, V=0.5 Yellow : H=73 = R=0.5-Ana ; G=0.5-Anex ; B=0.25-Arax
Cyan : H=7= R=0.25-Asy ; G=0.5-Anux ; B=0.5-Anax
Magenta: H=57/3 = R=0.5-Ana ; G=0.25-Arx ; B=0.5-Arax
¢) According to results of b) or according to the cylinder-shaped color space (Fig. 7.2), the
distance from the origin (black) is equal for any color tones of equal V and S values. For
R,G,B according to (7.4), performing normalization by Ay :

$=1,V=05: d=+05+05+0’ =/05= % =0.7071
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S=0.5,V=05: d=+05°+05*+0.25* =/0.5625 =0.75
For H,S\V according to (7.7)

0.5 +12-(cos’ H +sin*H
S1,V=05: d:\/ ( . ) _ 1'—:3:\/0.25=0.5
2 2 (~nc2 ;2
$0,5, V=05 d:\/0,5 +0,5 (co: H +sin H) _ [%: ﬁ0,10:0,316

The color value of higher saturation has a larger distance from the origin (black) in the
H,S\V color space. Thisisjustified, as a "pure" color tone is perceived (even when having
lower brightness) as more different from a black color.

Problem 7.3
@ D;=R-1 ; D,=B-I
b) Thebasisvectorsrelated to D, and D, are not orthogonal :
2 1 1 1 1) 2 1
— ==+ -=||—=|+|-=|'"==—==0
3 3 3 3 3) 3 3
c) Froma:R=1+D; ; B=1+D, ; G=3I-R-B=1-D;-D,
R 1 1 0 |
G|=|1 -1 -1|-|D;
B 1 0 1||D,

d) After transformation into 1D,D, color space:
41=[0,0,0]"; f'51=[1,0,0]" ; ' ,=[1/3,2/3,-1/3]" ; F'g ,=[1/3,-1/3,2/3]"

RGB: dy(far,fa1) = V12 +12+12 =43 ; dy(faz.fpp) =422 +0°+(-1% =42
IDiD;: dy(fay.fgs) = V1% +0%+0% =1 d,(fa .5 2) =07 +17 + (-1)* =42

Pair 1 has pureintensity difference, pair 2 pure color difference; it can be concluded
that the intensity difference is weighted stronger in case of RGB.

O p=15+18+12=5;07=(1)4+(2) 3+(1) 2=1

Problem 7.4
a) It isonly necessary to add the co-occurence values relating to the last column and row:
121 320 310
c,*=3 1 0;Cc®™=|2 0 1/;Cc*={111
100 010 110
Thisgives
331 4 5 2 141 4 6 1
ct9=2 3 1|+c,*@=|5 4 1|;C={4 1 2|+Cc*=|6 1 3|;
111 12 1 1] 120 130
(4 2 1 [7 3 1]
c*=12 3 2|+c,*"=|3 4 3
|0 2 0 |11 3 0
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b) The image matrix is a cyclic-shifted (shift by one pixel towards right and bottom) ver-
sion of (7.18): Therefore, the co—occurrence matrices do not change.

000 1 2|0 1[0 0 1 0 1]
1101 1|1 200012
x_221002 111 1 0 1 1
*711 10 2 0|1 Wozzloo
0010 1/0 oflr1 1020
[0 0 01 2]0] 1{o0 0 1 0 1

4 5 2 4 6 1 7 31

0 plO_-=i5 41 ;P(Ol)——613 ;P(1’1)=i343

Lll 1130 130

= for P%Y according to (7.22) with g=2;
ZZ(X x)? Pl(ljl)——(7 F+3P+1.2°+3 1 +4.0°+3 1 +1.2°+3.1°+0.0) = 22:0.8

accordlng to (7.24) with logy:
—ZZ Pi(kj"’ -log, P i(ljfl) =0.514+0.367+0.186+0.367+ 0.423+0.367 + 0.186+0.367+ 0= 2.777
i ' ’

according to (7. 25)'
ZZ(P(“)) = ( PP+ +F+ A+ F 1+ + 0 )= %:0.1648

111
Texture 1: Image with equality of entries; P™? P
111
= criterion (7.22) =12/9; criterion (7.24) =log, (1/9)=3.1699; criterion (7.25) =1/9
00O
Texture 2: Image with constant gray level (e.g. level 1): P* =|0 1 0
00O

= criterion (7.22) =0; criterion (7.24) =0; criterion (7.25) =1
Comparison texture 1: d =|0.8—0|+|2.777—0/+|0.1648 -1 = 4.4122

Comparison texture 2: d = ‘0.8— 1.333 + ‘2.777— 3.1699‘ + ‘0.1648— O.lllll =.9792

Problem 7.5
(ki) (k1)
3 P(0)=—xy P k|(0'0)+Pk.(0’1) _
P®"(0,0)+ P*"(0,1) + PV (2,0) + P*"(1,2)
b) 4,=05.0+051=05 ; 0¢,°=05-0°+05-1"-,> =025
9 1,(1,0)=0-0-P*?(0,0)+0-1- P*?(0,1) +1:-0- P**(1,0) +1-1- P (1,1) = 0.45
1,(0,2) =0-0-P©?(0,0) +0-1. P (0,2) +1.0- P*¥(1,0)+1.1. P (1,1) = 0.4
Mep(10) =y (1, 0)_tub2 =02 ; r'w(0Y= rbb(oll)_tubz =0.15
r'y(10 r'. (0,1
P'm(lo)=ﬁz)=0-8 ; p'bb(0,1)=%=o.e

b b

=05 = P(1)=1-P(0)=05
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d) For AR(1) model: A=p',,(1,0)=0.8; B=p',(0,1)=0.6; C=0, as AR(1) is zero mean.

Problem 7.6

a) According to (2.29), the frequency coordinate system rotates uniformly with the spatial
coordinate system (for alias-free sampled images, this would strictly be true when sampling
distances are equal horizontally and verticaly):

le | cosa sna ||
Q,| |-snea cose||Q,
2 2
-~ ~ o. (1-

S, 8) = Lp) —
1—2-p-cos\/(Ql-cosa+Qz-sma) +(Q,-cosa—-Q, -sina)” +p
_ 0, (1- p%)

1-2: p- 008,/ Q2 - (cos? o+ sin? @)+ Q,% - [cos? r+sin2 ) + p
= S (€21,95)

As the autocovariance statistics of the isotropic model are invariant against rotations, the
power spectrum does not change.

2

b) The modification of frequency coordinates in case of pure scaling results analogously
with (2.25):

A e [al= 12 2l
e =l ol

S WS P Lo |

1-2- p-cos\4Q2 +4Q2 + p° 0 05
= for scaling 0.5: 1\/ ! :
*O-xz(l_pz) 1
16
= =—5,(20,,2Q,)
1—2~p~cos(2~JQf+sz)+p2 16 T
= for scaling 2:
. 0,21 p? 2 o]
5.0, 8,) = ap) 2-(de{ D
1-2. p-c05,/0.25Q 7 +0.25Q,2 + p 02
_ 16.0,2(1- p°) :16'3«(%'&j
1—2~p~cos(o.5~JQf+Q;)+p2 2’2
Problem 7.7
X X X X X X] X X X X X X]
a) X 0 5 5 5 X X 0 5 15 10 X
y _1[X 51010 5 X y _1/X 51010 5 X
""3Xx 5 5 5 0 X Y“3/X 10 15 5 0 X
X 10 5 0 0 X X 10 10 0 0 X
X X X X X X]| X X X X X X]
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X X X X X X
X 0 5 15 10 X

1/X 5 15 15 5 X

X 15 10 0 0 X

3)X 10 15 5 0 X

Y,

X X X X X X
X 0 0 5 5 X
11X 0 0 0 0 X

3Xx 5 5 0 0 X
X 0 5 0 0 X
X X X X X X

Multimedia Communication Technology
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Y.
b)

| | | |
| | | |
f 1
X X X X X X | | _ |
X ©O O O © X
X P 0 O X _ |
x X X X % % x
x 11 ........... x XESOOVA
x &8 g w x
X X X X Xix
L : HEE Xmmmmx
o e
> X o g R 9x
B
) X X X X XX
7 alalaTalial fa?
@ [
@ H
S 3
= >
£
E _ |
X X X X X X
X X X X X X X 10 O O O X
o
X 8§ v oo x X1__m00X
TRty
X e x XOm__UM_VSX
x w8839 x -
o 9w XOO:_u,I__X
x =« X o
X X X X X X X X X X X X m v
L ]
™ =< o
_,_ I 3
Y @ > Lw

© OhnVIENT 2003



Solutions on End-of-chapter Problems 31

2.5 ______________ e e o .
P . P3| :
o = -I~~~:: N:.‘__\:__-'-. -
O\ R2 AR
15F -/ - - - AT G G \"“*~-g2:p:2,12;05=45°
6, : :
1 = - - - = - - - ==
. \ SR : p=0,71; 0=135"
05F - - - - - o~ \- \- W - e
AL \
0 , .
0 50 100 150
o

Example for computation of the intersection P,/P,:
P:p=2cosa+sna ; P,:p=15coso+15sna
= 2cosa+Sina =15coso+1,5sno
:cosa:sina:a:izzp:12ﬁ+ﬁ:i§\/§

4 2 2 2
The negative value of p cannot exist, such that a unique solution with positive o ex-
ists.

c) s=zar+b = b=-ra+s
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d) The starting and ending points of lines are described by the respective intersecting
graphs in the Hough space having highest and lowest dopes (for the case of Cartesian
Hough space) or highest and lowest angles (for the case of polar Hough space).

Problem 7.9
a)
p= 0 1 2 3 4 5 6 7
m(p) 1 2 3 4 3 2 1 1

np | 1 1 1 2 3 4 3 2

N
w
SN
ol
o
~

p= 0 1
m(p) 1
n(p) 1 1 1 2 3 3 3 2

N
w
w
w
N
=
=

b) Original contour: mo 1 2 3 4
L=4(v2+1)=9,64; a=a,=4; A=11; §=1V/16; §:=16

Filtered contour (see Figure at right):
L=8; ay=a,=3; A=9; &=1; &=16

Problem 7.10
Lengths of continuous contours:
Shape A : Circle with radius =4, =L qig=perimeter=274=25.13 ,

ShapeB: L, =V7°+7° =9.9 ; ShapeC: L, =V +8 =854

a) Péﬂl/ \lb‘
" e
Al
An do‘- 7l
| Esl i . JZA 7L/}
o)
pd
o n
e
A i
B C

The discrete contours are designed by connecting the centers of coordinate cells, such that
the area between the continuous contour and the discrete approximation thereof becomes
minimum. In the case of 4-neighbor (#;®) connections, each connecting element has the
length of 1. Shape A : L=32; Shape B : L=14; Shape C : L=12

© OhnVIENT 2003



Solutions on End-of-chapter Problems 33

b)

B C
1

In the case of the 8-neighbor system (WV,?), horizontal and vertical connecting lines have a
length of 1, while diagonal connecting lines have alength of /2 .

ShapeA: L=16+82=27.31 ;B: L=7-4/2=99 ;C: L=5+3.1/2~9.24

In general, the approximation is better by using this system; the discrete contour is 2L g in

any case, provided that the constraint stated above (minimization of area between contour
and approximation) is observed.

Problem 7.11
M-1N-1
pZP=3%"% (m-1)% x(m,n)
m=0 n=0
M-1N-1 M-1N-1 M-1N-1
= m?-x(m,n)—=2-7-> > m-x(m,n)+72-> > x(m,n)
m=0 n=0 m=0 n=0 m=0 n=0

10 u &0 2
_ ﬂ(Z,O) —2-r_-,u(1'°) L2 ./u(o,()) :ﬂ(z,O) _9. .lu(l,O) " ./u(0,0)

(0,0

@02
_ oo _(#)
PR
0n)?
i ()
Similarly, p(”) =u? _W
Problem 7.12
a) The pixels of the skeleton are shown by gray shading.
1 1
2 111 1
s 1l2]2]1/1
4 111 1
5 1

© Ohm/IENT 2003



34  Multimedia Communication Technology

b)
m/n= 0 1 2 3 4 5 6
I(m) = 0 1 5 3 1 3 0
IIy(n) = 0 1 3 5 3 1 0

¢) The computation can be performed from the projection profiles, similar to the computa-
tion of statistical moments from histogram values (in principle, the projection profiles are
histograms of coordinate distributions). Moments of orders 0 and 1, and subsequently the
centroid coordinates of the shape are determined as follows:

M-1
w0 Z m-I1,(m)
_ m=0

u 0-0+1-1+2-5+33+4.1+5:3+6-0 39
U= - 13 TR
a > 11,(m)
m=0
N-1
B
<A 2T _0:0+11+2:3+35+4:3+5146:0_39 _
~ (00 ~  N-1 - 13 _?3_
A X mm)
n=0

d) The computation of moments 14%° and 1(%? is performed similar to c):

M-1
@9 =% m? I, (M) =0%-0+1>-1+2%.5+ 3 - 3+4%-1+5- 3+ 6°-0=139

m=0

N-1
u©?=3%"n*11,(n)=0%-0+1*1+2%-3+ % .5+4%-3+5" -1+ 6”-0=131
n=0

Using the results from Problems 7.11 and 7.12¢ we get:

10)\? 2
co_ oo (HY0) o 397
p =u —W—139—§—22

02 \? 2
w? — (ﬂ (© 0)) =131- - 14
o 13

(02) _

P

The moment Y can be computed only directly from the image (it plays asimilar role asa
covariance, which cannot be computed from the type of first-order distributions as the
projection profiles are). The value computations for cases x(m,n)=0 are performed in row-
wise sequence in the subsequent formula:

M —IN-1 N-1 M-1
u® = > > m-n-x(mn)=>"n- > m-x(m,n)
m=0n=0 n=0 m=0

=1.2+2-(2+3+5)+3-(1+2+3+4+5)+4-(2+3+5)+5-2=117

With (7.124) and the results of c) this gives

01 1,0
(1’1)=,u(l’l)—'u( ul )2117_39(39:0:”_: 2 0
110 0 14

m =p®9 4+ p02 =22,14-36

m, = \/( PO = pO2) 14(pt) = [(22-14)" =8

P
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€) Rotated shape:

m= 0 1

2

3

4

5

6

n= 0

1

2

w

IS

o

o

P

~(2,0 0,2
20 _ (02

P

0,2 2,0
02 _ 520

Solutions on End-of-chapter Problems

A =1.(24+3+4)+2-3+3-(2+3+4)+4-(1+2+3+4+5)+5-3=117 = p* =0

_ 14 0
r
{o 22}

My =p@0 + 502 =14+22=36=m,

m, = (%7 - 5°2) +4(p®) = J(14-22)" =8=m,

Problem 7.13
a) Nine positions.
b) Shifted Versions X from X(o-1) are as follows; this shift is performed such that fur-
ther processing can be made between frames X(0) and X(o0-1) at same coordinate positions:

5

5

@ _| 5
9

5

X

5

5

X @0 _|5
5

9

5
X

5

x@-) _| 5
5

5

9

5

X o ©o ©o o
U O © W O ©

g © © o o ;

© © o o o X

X o1 © © © ©

© © W © ©o X U O © W O ©O

g © © © ©O© © X 01 © © © ©

© © © © © X

X X X X X X X o ©o © © ©

N — |

© © © O © X

x

X X X X X

X X X X X X

5
5
XD _|5
5
5
X
5
5
x(©0) _|5
5
5
5
X
5
% (©0-1) _| 5
5
5
5

5

X oo o u

g o oo o ’;

© oo X ;oo oo a

X o © © o u

© © o ;g oo X U1 © © © © ©

Ul © © © © © X 01 © © © ©

© © © ©0 © X

U1 © © © © © X Ul © © © ©

© © © O © X

9

X 01 © © ©

© © © © © X

X 5
X 5
X(_l’l) _|X 5
X 5
X 5
X X
X 5
X 5
X (L0 | X 5
X 5
X 5
X 5
X
X
XL | X
X
X
X

o oo o X

The related motion-compensated prediction error blocks E®V=X (0)-X*" are

5

X oo o u

g o o oo ;

© o o o X U1 © © o1 oo,

X o © © o u

© © oo ;X 9O oo oo

9

X 01 © © ©

U © © © O ©

© o ©o ©o o X b— |

9

X o © © ©

© © © © © X

35
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X X X X X X X X X X X X X X X X X X
X 0 -4 -2 0 X X 0 0 -2 0 X X 0 0 -2 0 X
E@) _|X -4 -2 0 0 X| gO) _[X 0 -2 0 0 X| (-1 _|X 0 -2 0 0 X
X -2 0 0 0 X X -2 0 0 0 X X -2 0 0 0 X
X 0 0 0 0 X X 0 0 0 0 X X 0 0 0 0 X
X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X
X 0 -4 -2 0 X X 0 0 -2 0 X X 0 0 2 0 X
EQO _[X 0 -2 0 0 X|E@OO _|X 0 2 0 0 X|g(-10)_|X 0 2 4 0 X
X -2 0 0 0 X X 2 0 0 0 X X 2 4 0 0 X
X -4 -4 -4 -4 X X -4 -4 -4 -4 X X 0 -4 -4 -4 X
X X X X X X X X X X X X X X X X X X
X X X X X X X X X X X X X X X X X X
X 0 -4 -2 0 X X 0 0 -2 0 X X 00 2 0 X
EQ-D_|X 0 -2 0 0 X| £O0-)_|X 0 2 0 0 X| g(-1-h_[X 0 2 4 0 X
X 2 0 0 0 X X 2 4 0 0 X X 2 4 4 0 X
X -4 -4 -4 -4 X X 0 -4 -4 -4 X X 0 0 -4 -4 X
X X X X X X X X X X X X X X X X X X

Usage of the minimum squared error ||[E| as cost function indicates two equally optimum
results (both with minimum cost =12) for (k,1)=(0,1) and (k,1)=(-1,1) :
44 12 12
ke =1l 76 o
1 92 76 92

Pixel-wise multiplication of X(0) and X" is performed to compute the cross correlation:

(X X X X X X X X X X X X X X X X X X
X 25 45 63 8L X X 25 25 63 8L X X 25 25 35 81 X
ROD _| X 45 63 81 8L X | p(01) _|X 25 63 8L 81 X | R(-1) _|X 25 3 8L 81 X
X 63 81 81 8L X X 63 8 81 8L X X 35 8l 81 81 X
X 25 25 25 25 X X 25 25 25 25 X X 25 25 25 25 X
X X X x X x| X X X X X X X X X X x X
x x x x x x| X X X X X X [x x x x x X
X 25 45 63 81 X X 25 25 63 8L X X 25 25 35 8l X
RO _|X 25 63 81 8L X | R(00) _|X 25 35 81 81 X | Rp(-10) _|{ X 25 35 45 81 X
X 63 81 81 8l X X 35 8l 8l 81 X X 35 45 81 81 X
X 45 45 45 45 X X 45 45 45 45 X X 25 45 45 45 X
[X X X X X X]| X X X X X X [X X X X X X
X X X X X X]| X X X X X X X X X X
X 25 45 63 81 X X 25 25 63 8L X X 25 25 35 81 X
RU-D _| X 25 63 8L 81 X| R(O0-) _|X 25 35 81 8L X | p(-1-) _| X 25 35 45 81 X
X 35 81 8L 81 X X 35 45 81 81 X X 35 45 45 81 X
X 45 45 45 45 X X 25 45 45 45 X X 25 25 81 81 X
X X X X X x| X X X X X X X X X X X X

The cost function indicates a less clear optimum for (k,1)=(1,0) (usage of cross covariance
and normalization would give a more evident result):
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890 769 685
K -Llos0 874 754
922 818 770

2. The shift by half a pixel using linear interpolation is equivalent with the following aver-
aging operation:

55599 9] [x 5550909 X X X X X X
55599 9| X555 0909 X 55 7 9 X
X(_%'l)=X(°’1)+X("1’1)=1 550909 9 0| |X55009 0| IXx57090X
59999 9 |x 5099 909 X 79 9 9 X
5555 55| (X 5555 5 X 55 5 5 X
X X X X X x| |X X X x X X X X X X X X

Within the current block, the resultant matrix is exactly equal to the matrix X(0). The cost
function using minimum squared difference will give the value of zero.

Problem 7.14

r'=a,-r—a,-s+t, => r'-r=(a-1)-r—a, s+t
= k(mn)-R=(a,-1)-m-R-a,-n-S+t,

s'=a, r+a-s+t, => s'—s=a,-r+(a,—1)-s+t,
= I(mn)-S=a,-m-R+(a,—1)-n-S+t,

Normalization by sampling intervals:

k(m,n)=(a1—1)-m-a2-§.n+%

|(m,n)=a2.§.m+(ai_1).n+%

Substitution into optical flow equation:
[ S .t R t
7(a1—1)~m—a2 R n+—F1J~ X (M, n)+[a2 5 m+(a1—1)~n+—§] Xs(m,n) =—x (m,n)

The resulting over-determined equation systemis

mx@+nx@) mEx@-n2x@ x@ x@]|[a-1 x. (1)

mx+n-x@2 mix@-n3x@ £x0@ x| & |_|x?
: : : : t :

m-x (P)+n-x(P) m-2-x(P)=n-2-%(P) =% (P) §xP)|[ & % (P)

Problem 8.1 1

) H(zl)=§[zl+1+z‘l}

H(jQ,)= %[emi +1+e )= %[1+ 2c0sQ, |
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b) 1+2c0s02,=0 for cosQ,=—1/2 = Zeros of transfer function at Q,=mt3
Inversefilter : H' (jQ,) -3
1+2cos,

3
Pseudo inversefilter: 7 (jq )= 1+2cos

0 for Ql=ﬂ'i£
3

for Ql;t;rig
3

Discrete frequency lines of DFT at Q, (u) = u-%

H! (U)ZL ; critical cases are i:%i% for integer u.

M
1+cos——
M

Inverse filtering unstable for u=10, u=20 with M=30; no instability for M=32.

o) Power spectrum of the attenuated signd - S (Q,) = A’ %-[1+ 2cosQ, |°

2
Power spectrum of disturbing noise S,,(Q,) = AT

2
Condition A2 % [1+2cosQ, * > AT

1+4cosQ, +4cos’ Q, > % = €0’ Q, +CosQ, _1_56 >0

Limit case for cosle—L_r /1+£:—}i§, only the non-transcendent case
2 4 16 2 4

with |cosl<1 isregarded here = arccos(1/4)=0.41967 :
3

= H”(jQ,)={1+2cosQ,

0 for Q, >0.41967

for Q, <0.41967

d) Wiener filter:
1
. H(jQ,) S+ 20080 ] 1+2c0sQ,
U H(jQ )\2+M: L1y 2cos, P+ NI Lt 2cosq, 42
Us(@Q) 9 S Y4
. 1+2~£
Attenuation for €2,=0.41967: 4 -1
1 17 .3
=114+2- = +=
3 4 4
Problem 8.2

8 H(Q=1 (e +2+e%)= 1 (L+cos)
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12
H(jQ) " 1+cosQ
guency). No pseudo inverse filter necessary, if sampling conditions are observed.
%(1+ cosQ) %(1+ cosQ)

%(1+cosQ)2 +%-sin2£2 %+%cos£2+%coszg+%-sin29

: . 2 2. . . 1
d) Substitution |0 = @, +Q,7 : HZD(ng,192)=§.(1+cos,/ng+922j
e Transfer function =0 for /Q,% + Q,? = 7, pseudo inversefilter necessary:

2 if yQ2+Q,% =7

H,.P(jQ,, jQ,) = {1+cos Q2 +Q,°

0, if JQZ+Q7 =1

. Zero for cosQ=-1, i.e. Q=r (half of sampling fre-

b) H'(jQ)=

9 HY(jQ=

Problem 8.3
. 1 00| [3
9 Cae) Y=g 1 1 12 aei)y=10 2 119711
2 2] |15 3 3| |15
001 15

. . P T T)?
b) Casei) accordingto (8.20), L>K : HP =H -(HH )
-1

1
11 g]z © 1]t [e e
(HHT)_lZ 2 2 11 _|2 4| _|3 "3
0 L 1z 2 11 48
2 2] 1 4 2 3 3
2
1 4 2
R
p_ 13 3=z =
=HE=2 3 e 8|75 3
o L{Ls3s s 2 4
2 3 3
—1
Caseii) according to (8.20), L<K : Hp=(HTH) HT
-1
100 o
13001, , 3 20 095 -025 0.5
(HH)'=||0 2 2 of 3 @ =[2 & 2| =025 125 -025
3 3 0 2 1 9 9 9
00t 1l &3 0 2w 005 -025 0.95
s oo 5 3
=

095 015 -015 0.05
-025 075 075 -025
005 -015 015 095

095 -025 00571
HP=|-025 125 -0.25||0
005 -025 095 ]|

O win wik
wik wiv O
= O O
Il
1
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4 2
3 3lre7 | O
0 Casei) X = % % -LJ— 12
2 4 12
3 3
3
095 015 -015 005 3
Caseii) g =|-025 075 0.75 —0.25-11 =9
005 -015 015 095 EE

d) Eigenvaluesof HH' (cf. Problem 4.1) : A=1/2+1/4=3/4 ; ,=1/2-1/4=1/4
= Matrix of singular values (rank of H isR=2)

3

UTHV = AW2 —| 2. 00
0 1o

2
N 20 22
T T _ 1Tl 2 4 (K) 4 . |2 2

UT[HHJu=U 11}u A {ol‘u_ﬁﬁ
L4 2 4 2 2
oo £ 8
4 4

VI[HH]v=VT|1 1 1lv=A® =0 ! 0; V=¥ 0o &
4 2 4 4 2 3
0o 11 000 B2
L 4 4 L 6 2 3

6 1 1
s e 3 3
-1/2
Hog—(ﬂo) VouoTzi' % [% g} % g
3
6 101
6 L 3 3
1 1
s 3l 6
= x=|£ £ { }: 12.7
2 2 12
1 1 6
3 3

Problem 8.4
Mean and variance of the signal:

i, =02-0+0.8-1=0.8
0, =[02.0°+081" |- 4,°=08-064=016

The inverse "autocovariance matrices' of size 1x1 relate to variances of the signal and the

noise,
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~12
@ Maximum likelihood criterion (8.38) : Minimizationof A, = [y_)i] gives
y=0.3 y=0.5 y=0.7
x=0 0.45 1.25 245
x=1 245 1.25 0.45

The decision for the value y=0.5 is not unique; the behavior is equivalent to a threshold
decision with ©=0.5

b) Maximum-a-posteriori criterion according to (8.45) : Minimization of

A L N L
20, 20,
y=0.3 y=0.5 y=0.7
x=0 0.45+2=2.45 1.25+2=3.25 2.45+2
x=1 2.45+0.125=2.575 1.25+0.125=1.375 0.45+0.125=0.575

The value y=0.5 is now clearly decided for X =1; the behavior is equivalent to athreshold
decision with
Ch (e-1)

+2= +0.125 = ©=0.3125
20

2 2
z 20_2

Problem 8.5

4 RE:szzl J R 16 1 3/4
01 70314 1

R 17 1 1 -3/4] [ 1 -3/4
* 16 (1-9/16)|-3/4 1 | |-3/4 1

b) y-%=[1 -1 ; y-%,=[-2 0]

=

oy 1 10 N . 1 10 T
A ==-1 -1 1 -1 =1; A ==1-2 0 -2 0 =2
G- g o - swga-Si2 op Y2 o
This leads to the conclusion that the first hypothesis is better.
- 1 1 -3/4 1 10 T
Aye(X)==-[0 4 0 4] +=-1 -1 1 -1 =8+1=9
R |are 3o arezn -y Tl -

N 1 1 -3/4 o1 10
Sl =3 12 3 5, T3l b2 ol ]

Now, the second hypothesis s better, which can be explained by the correlated signal
model.

}[—2 0]' =2.25+2=4.25
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d) Thesigna variance reciprocally influencesthe first term of the MAP estimate. Both
hypotheses would be equivalent, if

§+1=%+2 =c=5.75
c c

For o;?>c-16/7, thefirst hypothesisis preferred by the MAP estimation: If higher vari-
ance of the signal is expected, the high deviation between both valuesin the vector
appears more reasonable.

Problem 9.1

a) Class centroid vectors: z® = CE:} : @ :{4;} i) Z:{2.625} i) 2{3'75}

Covariance matrices:
w_ 1 ,(]025 025 025 -0.25 025 -025| [025 0.25
Chn =—:C- + + +
4 025 0.25| |-0.25 0.25 -025 025 025 0.25
,1025 0
=Cc°-
0 025
2 _1(]025 0| [025 0] [225 15| [225 15 125 0.75
Cin == + + + =
4 0 O 0 O 15 1 15 1 0.75 05
1.875

. 3516 2.109
i) C,= [1.875 1.125|=
1125 2109 1.266

" 0.75 0.5625 0
i) C,= [0.75 0]=
0 0 0
1(,]02 O 125 0.75
Cm=="C" +
2 0 025] |075 05
0.657 0.375} i c {1.125 0.375}

=) Cpp= i) Cpp =
0.375 0.281 0.375 0.75

=) [Cmm]71 :{ 6.388 —8.524} i) [Cmm]71 _{ 1.067 —0.533}

-8524 14.935 " |-0533 1.600
Reliability criteria

) 1=t 6.388 -85247[3.516 2.109 . 4483 2.681 54
1T -8524 149352109 1266  ||1527 o0.931|[ T

. 1067 -0.533][0.5625 0 06 0
i) J,=tr . =1tr =06
-0.533 0.281 0 0 -03 0

The second case indicates clearly worse classification reliability.
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=0 asP(S)=P(S,)=05

@ 4,
b) [z(1> _,® ]T '[Cmm]l'|:m0 _Z”}

. 6.388 -8.524 2625 [2.625
i) [-3.75 —2.25]- | my— =[-48 -16].|m,— -0
-8524 14.935 1875)) « — 11875

w —
z

. 1.067 -0.533 3.75 [3.75]
i) [—1.5 0]~ 0533 1600 |l my— 3 = [—1.6 —0.8]~ m, — 3 =0
' ' w' ——

The separation line crosses the point z and is perpendicular with w. In the following Fig-
ures, w' isavector which pointsinto the same direction as w.

¢) ¢c=0.5: No wrong classification.

m
4 o]
\
\
\
34 \ o 0 o
ow \
v 2T N
( ra
\
2 \ o
-
\ z
\
\
1| o o \
Ll \
. o v \
\
0 T T T T T
0 2 3 4 5 6 my

\ w'
e \ 4
\ -
4 ° v 3 o
\
\
\
L N
3 [ ] X 0 o o
\ \
\ \Z‘Z’
\
\
2 L] (e} o\
\
\
\
14
0
0 2 3 4 5 6 my
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Problem 9.2
a z0=(4+0)/2=2 ; z® =(9+3)/2=6
p(m) 4/18
1/6
118
0 3 4 9 m

b) P(Sl)=g'4=§ : p(sz)zlig.(a:%;aprioriprobabilities:%eFigurebelow.

p(M| )
16

R o m
c) Bayesrule:
p(s (my - PMIS) PS) . _PmS) P(Sy)
(S [ m) o(m) (S | m) o(m)
% %1

Hs 4

d) Optimum threshold =4, as P(S|m) > P(S;)m) for m < 4. No wrong classification in S,.
Probability of wrong classification in S;: P(S|S,)=1/6, overall probability of wrong
classification is Pyong= P(S1|S,)-P(S,)=1/18.

€) Condition : Same areasin the range of overlap:
+(6.-3)=5-(4-6.)=6.=375

6

= P(§[S)=1/16, P(S1|S)=1/8, Purong= P(SIS1)-P(S)+P(S[Sy)-P(S,)=2/48+1/24=1/12
Problem 9.3

a 0= 25 C 7@ 5 C oz 7
25 5 3

Covariances are zero due to statistical independency of the features (joint probability is

product of the first-order probabilities). Variances within all classes are identica for fea
tures my and my:

2 2
o2 O_g2 ® :f gt D52 @ :i gt g2 O :27
m m 12 m m 12 m m, 12
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20 20 )
C m_|4 e 2 _|3 e 3 _|3

Wl

b)
pMIS)=3 = PMISHPS) =%
pPmIS) =k = pMIS)PS) =5
pmIS)=1 = pmIS)P(S) =5
)
1
. PMISPS)_ 36 _ 1 _20
AP(Slm)= = 3 = 2 =
p(m) 3—16+@ 1+2—8 47
_PMIS)PS) 12
PEIM=""0m L2 4
27
1
. PMISIPS)_ 36 _1
p(m) %t 2
1
PMISIPS) 36 _1
P(S, Im) = ==
p(m) 3%t% 2

d) MAP classification: Within the area "A" P(Sm)>P(S;jm), hence all S, are wrongly
classified here. Area "A" is 1/9 of the entire area of S, = P(5|S;)=0, P(S,|S;)=1/9.
Within the area"B" P(S;)m)=P(S;im): Half of al S, and S; within this area are wrongly
classified = P(S|S:)=1/2-1/4=1/8, P($|S)=1/2-1/16=1/32
Total classification error:

Purong™ P(SISDP(S) + P(SIS)P(S) + P(SIS)P(S3)=1/64+3/160+3/160=17/320

Problem 10.1
a 0=15: 0=3: 0=45:
12222 112 22 11122
112 22 11122 11112
S=|12 2 2 2 S={112 2 2 S=(1112 2
112 2 2 1112 2 11112
11122 11112 11111

b) Overall mean: 4 :%-[9-1+5-2+5-4+6-5]: 276
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©=15:
Us=l; F°e=0;

— 1 _ 2 1 2 2 2 2 _
,usz—E-[5-2+5-4+6-5]—3.75,0' SZ—E-[S-Z +5.4°+6.5" |-3,75° =1.5625

9 16
P(S)=—=036; P(S,)==-=0.64
(S) 75 () >
= 0, =0.36:(1-2.76)* +0.64- (3.75- 2.76)* =1.7424 ; 5° =0.36-0+0.64-1.5625=1
o 2
= £ =17424
o

0=3

U =%.[9.1+5.2] =1357;0°y =—[9-1°+5:2°|-1.357° =0.23

N

1

Us, =1—11~[5~4+6~5] =4545,0°;, =—:[5:4°+6-5 |- 4545 = 0.248

Bl

14 11

P(8)=2;=056; P(S)=1-=044

= 0,7 =0.56-(1.375—2.76)> +0.44 - (4.545— 2.76)* = 2.476 ;
2

(o)
6% =056-0.23+0.44-0.248=0.238 = —£-=10.40
c

0=45.

1 _ .1 2 2 2 2 _ .
,uSl—E-[9-1+5-2+5-4]—2.053,0' Sl_E-[g-l +5.2% +5.4° |- 2.05% = 1.522;

U=5; FPu=0;

19 9
P(S)=2=076; P(S)=—=024
(S)=5 (S)=5

= 0,” =0.76-(2.053- 2.76)* + 0.24- (5- 2.76)* = 1.584 ;
2

(o)
62 =0.76-1.522+0.24-0=1.157 = —~-=1.369

52

Optimum threshold segmentation is achieved for ©=3.

©)
oo \/E‘X*/lsl‘ oo V2x
1 G- 1 o
P(S|S)=—"|e 7 dx=——"—- | e %dx
\/50-51 i \/50-51 O—ptsy
x [ V2(e-,
:;.(_&]. A
2oy | 42 o 2

Hs1
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5} ‘f ‘x Hsa 1 o 7@
P(S1S)= e ™ dx=—— e “sdx
\/— O, —J; \/Eo-sz lisy—O
1 [ aszj oL
V20, 205, \ 2 . 2
Hs2~

Per = P(S;15,)-P(S) +P(S|S;)-P(S,) ;
©=3 = P¢,=0.56:0.0039+0.44-0.0062=0.0049 ~0.5 %

y

A

P(x|S)-P(S)
PXIS,) P(S,)
0
/1‘51 /l‘sz XV
wrong classified : S instead S, wrong classified : S, instead S,
Problem 10.2
a) 12223 11233
l,=[122 23] ; I1,={112 33
12223 112 33
b) @A P(Sl) 1/5; P(Sz) 3/5; P(&) 15, ,usl— ,,usz—3 ,u53—5 osl 2=(; 0'52 -2/3 0'53 -0
— 1321 2
€ 0%0,)==-0+=-24=.0==; 0,%(0,)==-(1-3)*+=-(3-3)*+=-(5-3)*==
)(A)55355()()()()
o(0,)=21,1 0,21 1,
5 4 5 5 4 5
aj(eB)_f (1,5-3)? + -(3-3)? + -(4,5-3)° ‘g
aj(eA)/a (6,)=4 ; o, 20,)/0° (eA):g,GBlsthebetter choice.
d) With®c=[ 1 5], P(S)=0;P(S,)=1;P(S:)=0; s,=3;05,°=7/5 :Giz(eC): 0 _o
c ) ) ; ) Hs,=5,0s, O'Z(OC) 7/5 )

which isthe lowest possible value.
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Problem 11.1
a) 2
1 o 1
R(D) =E|092 5 ZE[IOQZ 0'z2 —log, D]
—4ij o|Q_1 1 jlogzs (Q)dQ—— j|og2 D dO

7Iogz

1 V4
= gJ”logz S, (Q)dQ =log, 7,2

2 20920'2 o
7/X = 5 = 5 :72
O-X O-X O-X
D R Ligg O Lo O L @ 0’ (1-p%)
2 D 2 2 7 D
R(D) uncorrelated R(D) correlated
1. o2 1 21 1
==I * ——lo x| 1-p?)=—=I 1-p?
5109, -~ log, = 2092( p°) 2092( p°)

2D: O-z2 = O-xz (1_ phz)'(l_ p\/z)

1 2102 (1-p7)(1-07) 1
:RG=5logz"D* -3 log, ( “D)( )=—5|ogz(1—ph)

P=p=0.95 : Rg,15=1.679 bit ; Rs ,0=1.679+1.679=3.358 bit

o-xz ' (1_ phz)' (1_ pvz)
D

2 (-p)  @-pf)
DmaXSSXX(ﬂ.l”)_O-X 1+2ph+ph2 1+2pv+pv2
2 (=pp)-A+pn) A-p))-A+p))
(1+ph)2 (1+pv)2
- 2.(1_ph) . (1_pv)
g (1+ph) (1+pv)
1, 0l-(1-p))-1-p7)
= R(Pna) =510, 2 (I-py) (A=-p,)
* (1+p) A+p)
=210, [(1+ p,)7 @+ 9,7 ] =log, W+ 9,)- 1+ 9,)

Pr=0=0.95 : R(Dpax)=1.92 bit

9 ROu)=log,

0'x2(1—,02)

d S (Q-=
w(€2) 1-2pcosQ+ p?

© OhnVIENT 2003
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2 2 2
1- 1-
OQ e =71 8)= Sy (1 8) =2 (fp ) _52. fp .
1—2p-72+p2 1=v2ptp
2 2 2
1— -
O(Q e =712)= Syl 12) = -2 U= )2 02t 2
1-2p-0+p 1+p
2 2
o, (1-p°) 1-
G)(Qmax :”):Sxx(”): * p2 =0," -
1+2p+p 1+p
0lc,? Qa=nld Qra=r/2 QracT
p=05 1.3815 0.6 0.3333
p=0.95 0.1744 0.0512 0.0256

Problem 11.2

Entropy: 1.92 hit

Shannon code: z,=2 bit, z,= z:= z,=3 bit, R=2.6 hit

Huffman code: =1 bit, =2 bit, z:= z,=3 bit or z;=2,=z;= z,=2 bit, R=2 bit in both cases.

Problem 11.3
ad H(j)=-0,25-log, 0,25+0,75-log, 0,75]= 0,5+ 0,311 = 0,811 hit
b) P(0,0)=0,25-0,25=0,0625=2"*
P(0]) = P(1,0) = 0,25.0,75=01875=3.27*
P(11)=0,75-0,75=0,5625=9-27*
P(0,0,0) = 0,25° =0,015625= 2%
P(0,0,1) = P(0,,0) = P(1,0,0) = 0,25% - 0,75=0,046875= 3. 27°
P(011) = P(1L10) = P(1,0,)) = 0,75° - 0,25 = 0140625= 9. 2°
P(1,11) =0,75° = 0,421875=27.-27°
) i(j)=-log, P(j) ; zj) alocated number of bits
First-order probability : Encoding of separate source symbols

source symbol i (J) [bl t] Z(J) Shannon Z(J) Huffman
0 2 2 1
1 0.415 1 1

Rshannon=0.25-2 hit+0.75-1 hit=1.25 bit
Ruuttman=0.25-1 bit+0.75-1 bit=1 bit
Joint probability of second order: Encoding of source symbol vectors, K=2

source symbol iG) [oit] &) snavon () pustmen
0,0 4 4 3
01 2415 3 3
1,0 2415 3 2
1,1 0.830 1 1

Rshannon=(0.0625-4 bit+2-0.1875-3 bit+0.5625-1 bit):2 =0.96875 bit = H + 0.1578 bit
Riutman=(0.0625-3 bit+0.1875-3 bit+0.1875-2 bit +0.5625- 1 bit):2=0.84375 bit
=H + 0.03275 bit
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Joint probability of third order: Encoding of source symbol vectors, K=3:

source symbol i) [bit] Z(j) shennon 2j) tutimen
0,0,0 6 6 5
00,1 4.415 5 5
0,1,0 4.415 5 5
1,00 4.415 5 5
011 2.830 3 3
1,01 2.830 3 3
1,10 2.830 3 3
1,11 1.245 2 1

Rshannon=(0.015625-6 bit+3-0.046875.5 bit+3-0.140625-3 bit+0.421875-2 hit):3
=0.96875 bit = H + 0.1578 bit

Riufman=(0.015625.5 bit+3-0.046875-5 bit+3-0.140625-3 bit+0.421875-1 bit):3
=0.8229 bit = H + 0.0119 bit

d) Using (3.77) :
P(0|1)=P(0)-[P(0]2)+P(1]0)] = P(0]1)-[1-P(0)]= P(0)- P(1|0)
P(0)-P(1|0) _0.25-0.5
P 075
P(0]|0)=1-P(1|0)=05; P(1]1) =1- P(0|1) = 0.8333

PO|1) = =0.1666

€) Using (3.26) :
P(0,0)=P(0|0)- P(0) =0.5-0.25=0.125
P(0,1) = P(0|1)- P(1) =0.1666-0.75=0.125
P(1,0)=P(1]0)- P(0)=0.5-0.25=0.125
P(1,1) = P(1]1)- P(1) = 0.8333-0.75=0.625
The bit alocation of the Huffman code is identical with the result of c). As however the
probabilities are different, the rateis:
Ryuffman=(2-0.125-3 bit+0.125-2 bit +0.625-1 bit):2=0.8125 bit

f) Using (11.47)-(11.49) :
H (b)|,_, = 0.1666 2.58496 + 0.8333-0.26303 = 0.650022 bit
H(b)|, ,=051+05-1=1 bit
H (b) = 0.25-1+0.75-0.650022 = 0.73751 hit

Problem 11.4
aH(j)=0.8-log,0.8+0.2-1og,0.2=0.7219 bit

b) Boundaries of probability intervals:

O["A"]0.8["B"]1

O["AA"]0.64["AB"]0.8["BA"]0.96["BB"]1
O["AAA"]0.512["AAB"]0.64["ABA"]0.768["ABB"]0.8["BAA"]0.928["BAB"]0.96["BBA"]0.992["BBB"]1

¢) Boundaries of code intervals, 3 bit accuracy :

0["07 05 ["17] 1

0["00" 0.25["01"] 0.5["10"] 0.75["11"] 1

0["000"] 0.125["001"] 0.25 ["010"] 0.375 ["011"] 0.5["100"] 0.625[*101"] 0.75["110"] 0.875["111"] 1
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Boundaries of probability intervals, rounded; underlined intervals exactly correspond with
codeintervals underlined above, which resultsin the following mapping:

O["A"]0.75["B"]1 "B"—>"11"

0["AA"]0.625["AB"]0.75 "AB"—"101"

O["AAA"]0.5["AAB"]0.625 "AAA"-"0"; "AAB"—"100"

The computation of the mean rate (per source symbol) must be modified as compared to
(11.29), since the number of source symbols K; must be considered individually for each
code symbol j:

. 1
R=Y P(j)-z;-—

j Kj
P("B")=0.2: P(" AB")=0.8-0.2=0.16

P(" AAA") =0.8°=0512 ; P(" AAB")=0.8"-0.2=0.128

= R:0.2~2~1'+0.16~3~1+0.512~1~}+0.128~SE
1 2 3 3

—_— T &
"B" "AB" " AAA" " AAB"

=0.4+0.24+0.17066+0.128 = 0.93866 hit

Problem 11.5
a) Method 1 (Fig. 11.18a): 1-2-4-1-1-1-1-2-3. Method 2 (Fig. 11.18b): 1-0-4-1-1-0-3:

b)  R(1)=P(@|0):[P(0]0)] " ; R(I)=PO]D)-[PA[D]"

P ___PAO____ 3383, P(0) ___POY __
P(O]|D)+P(1]0) P(0]|1) + P(1]0)

R(1)=P@1|0)=04

P,(2) = P(1]0)- P(0]0)=0,4-0,6 =0.24

P,(3 = P(1|0)- P(0]0)* =0,4-0,36=0.144

R(@)=P(0|D)=08

P.(2)=P(0]1)-P(1]1) =0.8-0.2=0.16

P.(3)=P(0|1)-P(1|1)* = 0.8-0.04 = 0.032

=0.6666

¢) According to Fig. 11.18b, only the run-lengths Py(l) are encoded, but the specia case

I=0 must also be regarded. To get a consistent result, it is assumed that any run of "0"-
bits starts after a "1"-bit and is terminated by reaching the state "1" again. This gives a
probability for arun-length | >0

R(1)=P(0|D-P(0]0)*-P(1]0).
The probability of arun 1=0issimply

R(=0)=PQ[1.
Itis straightforward to show that all run-length probabilities sum up as unity:
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P+ P(O]1)- P(0]0) - P(L]0) = P(L[1) + P(0|1)- P(L]0)- 3. P(0] 0)

1 1
T(OlO): P(1|D)+P(0[D)-P@|0)- PLI0)

=P(1])+P(0|1)-P(1]0)-

=P1|)+P(O])=1
As dl run-lengths above 1=3 shall be handled by the ESCAPE symbol, the numerical
results are as follows:
P(l=0)=P(1]1)=0.2
P(I=1)=P(0]|1)-P(1]0)=0.8-0.4=0.32
P(l=2"=P(l =1)-P(0]0)=0.32-0.6=0.192
P(l1=3)=P(I =2)-P(0]0)=0.192-0.6 = 0.1152
P(ESC')=1-0.2-0.32-0.192-0.1152=0.1728.
Huffman code : ESCAPE and |=3 : 3 bits; 1=0, I=1 and |=2: 2 bits.

Problem 11.6

a)

b)

Training sequence vectors:
x(O)=[-1017; x(1)=[-3-21"; x2=[ 1 1"; x(3)=[-5-41"; x(9=[01] ;
x(6)=[10]"; x(6)=[22]"

1% iteration: Squared distances according to (11.50)

x(0) x(1) x(2) X(3) X(4) x(5) X(6)
Yo 1 5 8 25 5 5 18
Y1 5 25 0 61 1 1 2
Allocation for yo: X(0) ; x(1) ; X(3)
Allocation for y1: X(2) ; x(4) ; X(5) ; X(6)
-1-3-5 0-2-47 T
y(l)O,opt = |: 3 3 :l = [_3 _2]
1+0+1+2 1+1+0+27 T
y(l)l,opl = |: 4 4 j| = [1 1]
2" iteration: Squared distances according to (11.50)
x(0) x(1) X(2) x(3) x(4) X(5) x(6)
Y0 00t 8 0 25 8 18 20 41
YWiou | 5 25 0 61 1 1 2

Allocation for yq: x(1) ; X(3)

Allocation for y;: X(0) ; X(2) ; x(4) ; x(5) ; x(6)
> _[-3-5 -—2-4 T= T

y O‘Opl_|: 2 2 j| [ 4 3]

.
o {—1+1+0+1+2 O+1+1+O+2} _[06 0.8]T

Y o = 5 5

After 1% iteration: P(0)=3/7 = 1(0)=1.2224 ; P(1)=4/7 = i(1)=0.8074
2" jteration: Distances according to cost function (11.67), A=0 identical to result a)
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2" jteration: Distances according to cost function (11.67), A=65 in table below

x(0) x(1) X(2) x(3) x(4) X(5) x(6)
y(l)o,Opl 8+79.5 | 0+79.5 | 25+79.5 | 8+79.5 | 18+79.5| 20+79.5 | 41+79.5
=875 | =795 | =104.5 =875 =975 =99.5 =120.5
yBion | 5+52.5 | 254525 | 0+525 | 61+52.5 | 1+52.5= | 1+52.5= | 2+525
=575 | =775 =52.5 =1135 535 535 =54.5
Allocation for yg: x(3)
Allocation for yy: X(0) ; X(1) ; x(2) ; X(4) ; X(5) ; x(6)
-5 47 T
y(Z)O,opI:|:T T:| =[-5 4]
.
y(2)1,0p1=|:_1_3+1;_O+1+2 0—2+1;1+0+2} [0 04T

Equation of separation line according to (11.69):

4
2[x,+1 x1+0.5]~{3}=—/1~0.415:8x0+8+6x1+3=—/1~0.415

=0:_Xo X _q 1=65:20415=27: _%0 %

) ) ) )

Xl
_2=0 Y1
\ \\‘ | x
] | | N | | |
. \ N \ \ \
‘ \ \\\\ B
Y .
\\\}L:GS |
\
Problem 11.7
1
T x|+ x| < A
a) _
P(X, %) =
0, else
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1

b) Solution graphically from triangular areas P(|x1| >A/2)=2. 5
2A

A

N>

=1/4

N

%, X2

N ;
N ;
N ;
o NP x
A A X A AR AX
// \\
X
-A

c) Voronoi lines are principal axes of 45°, as all reconstruction values on coordinate axes
have same distances from the origin. Optimum is a=A/2 (centroid of Voronoi regions
at the centers of the squares, due to uniform PDF)

q [z &
d) |2 2 || (see Figure)
%' |2 2| x
2 2
) X
A
_—
\ SN T + | +
|
A e \\: AX Xy
, ' + +
|
| |

e) Quantization error identical within all Voronoi regions, can be derived by the A%12
formula for uniform quantization error variance (related to samples; variance per vec-
tor would have double value) :

2 2
azzﬁ.Alz _A

q 12 24
Problem 12.1
a Imagel:

M—ll\IZZ\x(m, n)—y(m,n)| =%ﬂ20—1q +17-18+...+[14-13]=1
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Image 2 :
M—ll\lzmzn:\x(m, n) - y(m, n) =%ﬂ20— 20 +[17-17+...+[14- 23 +...+[14-14]=1
b) Imagel:
M—ll\lé“zn:(x(m, n)—y(m,n))? = % [(20—19)2 +(17-18)? +...+(14—13)2]=1

2
PS\NR=10- Iogm¥ =48.13 dB

Image 2 :
M—ll\IZZ\x(m, n) - y(m, n) =%[(20—20)2 +(17-17)% +...+ (14— 23)? +...+(14—14)2]= 9

255

9

Interpretation: If the squared error (energy of error) criterion is used, single high deviations
are penalized more strictly than for the case of errors which are widely dispersed over the
image. This phenomenon is in harmony with the visibility of errors (single high errors are
clearly visible, not being masked by the image content).

=38.59 dB

PSNR=10-log,,

Problem 12.2
00000 6 0 0 0 o 0 0 0 0 O
N oA 00111 . . 0 0 05 05 05 Ly A 0 0 1 1 1
DX={oo111] ) X=|0o0s1 105 ) X=lo 111 0
00111 0 051 105 001 1 10
loo0o000 0 0505050 0100 -1
b)
0 00 0O o o o o o 0 00 00O
. 0 1 0 0 - .. 0 1 05 05 -05]... 01 0 0 -1
')E:o 10 0 -1 i) E= 0 05 0 0 -05 “')Ezo 00 0 O
01 0 0 -1 0 05 0 0 -05 00 0 0O
C) 70 00 0 O 0 -05 -05 -05 O 0 10 0 1
0 0 0 0 O ooo0oo0o0|] [0 o0 o0 o0 0 00000
i 0 0 0 0 -1 |[ofoooo 0 0 0 0]-1 01111
)Y:01oo-1+00111:01110 = X-Y=|o0000
01 0 0 -1| |ofo 111 01 1 1|0 00000
0 0 0 0 O 0o0o000| [0 00 00O 00000
E' ;g

Impulse response of the predictor filter: 1, i.e. X is generated step by step from Y by a
shift of one sample. Feedback of the wrong prediction resulting by one transmission error —
the deviation is the convolution of the transmission error by the impulse response of the
inverse prediction error filter (synthesis filter), B(2)=1/(1-z%) = b(n) is a discrete unit step
function horizontally. Subsequently, the matrices for cases of both 2D predictors are given,
which allow to better understand the effect of 2D error propagation.
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0 0 0 0 0 0 0 0 0 0
0 0 05 05 -05 0 0 0 025 0.375
Y = 0 05 0 0o -05|+ 0 0 05 0.625 0.25
0 05 0 0 -05 0 0.25 0.625 0.625 0.375
“) L 0 -05 -05 -05 © 0 0.375 0.25 0.375 -0.125
S %
[ o 0 0 0 0 oo o0 0 o0
0 0 05 075 -0.125 0 1 05 025 0125
=| o 05 05 065 -025|=>X—-Y=|0 05 05 0375 025
0 0.75 0.625 0.625 -0.125 0 025 0375 0375 0.125
L 0 -0.125 -0.25 -0.125 -0.125 0 0125 0.25 0.125 0.125
iii)
00 00 O 0 0 0 0 O 0 00 0O 00000
00 0 0 -1 0 0 0 0 0 0 00 0 -1 01111
Y=o 0 0 0o of|+|]0 0 0 0 -1|=|0o 0 0 0 -1|= X-Y=|o1111
00 00 O 0 0 0 0 - 0 00 0 -1 01111
0 -1 0 0 1 0 0 -1 -1 -2 0 -1 -1 11 -1 01111
d)
00 0 0 O [0 o o o o 0 o 0 0o 0] [o o 0o 0 o
Lo01% o kol M -kl fofo Jp o a0 ko2 12
E:X—X:01%}é—1 Y=o%%%—%+oo%%1=o}é%1%
01173 7|1 o ¥ X oK Moo Ko 0 »n A 1|7
00 0 0 0o 0o o o 0 0 0 0 0 0] [0 0 0 0 0
\Y X
0 00 0
0125 J5lo -2
= Q=X-Y=E-V=|0|% ¥ o -%
0|% Ko %
00 00 O

Interpretation: Feedback of quantization error. The values of Q appear shifted by one sam-
ple (convolution by impulse response of predicto filter: z%) in the prediction error signal E.

Problem 12.3
With U=2 according to (4.157):

a2 2 V2

2 2 .62.1 p.7 2 =1.0_21+p 1+p.1 1 =0_2.1+p 0
Voo 2| K p 1l|V2 2| 2 X|1-p p-1if|1 -1] X | 0 1-p
ve N2 Ne N2

2 2 R 2 2 A
—— ﬁ?_a

Eleo?} =0,2-0+p) & Ele?}=0,2-0-p)
With U=3, using results from Problem 4.7:
el () el o) s el o403

U=v=2:
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Elo’} =0,2- 0+ o) W p,) © Elce?] =02 M+ py)-(-p,)
E{cn?} =02 -0-py)-0+p,) 5 E{cs?} =0,2-0-p,)-0-p,)

4 1 4 2
Czoz} =0,’ '[1—5/% +§Ph2j'(1+§/7v +§Pv2j

4 1
E{Cx’ =0, '(1—§Ph +§Ph2]'(1_Pv2)

4 1 4 1
E{Cn’ (=0, | 1-=pn+=pp° |-|1-=p, + = p,°
{ 22 } Oy ( 3ph 3ph ] [ 3pv 3pv

Coding gain of discrete transform (12.33)

u-1 1V
o 2ele’) RN
:>G — U u=0 GT — u-v u=0 v=0 '
TC,1D C2D %J-V

eles)]”

eg. U=2:

U=V=2, p=p=p\ : Greap = =

1

Theoretical gain, 2D (11.24) = G, = m
—Pn )\ L=py

GreapU=2 | Grcap,U=3 | Grcop,U=V=2 | Grcop,U=V=3 Gip G
p=0.5 1.1547 1.204 1.3333 1.4497 1.3333 1.7777
£=0.95 3.2026 4.7125 10.2564 22.208 10.2564 | 105.194
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Other example :

p=0.91, Gp=5.8173

U=8 from (4.160) : Gy¢1p=4.6313

U=2: Gyc1p=2.4119; U=3: Gr¢1p=3.2253

Problem 12.4
a)
29 4 2 0 59 6 2 O
I, = -8 0 1 -1 I, = -11 0 0 -1
-2 2 -1 1 -2 10 0
1 50 0 0 200
232 32 16 O 236 36 16 O
c@, — -64 0 8 -8 c@, _ -66 0 0 -16
-16 16 -8 8 -16 12 0 O
8 40 0 O 0 32 0 o0

b) Caese 1: 0,0,0,0,1,1,0,0,0,0,0,0,EOB. Case2:0,0,0,0,1,2,1,1,EOB

¢) Row-wise scan:

Case 1. 11+7+5+1+9+1+3+3+5+5+3+3+3+7+1+1 hit = 68 bit = 4.25 bit/coefficient
Case 2: 13+7+5+1+9+1+1+3+5+3+1+1+1+5+1+1 bit = 58 hit = 3.625 bit/coefficient
d)

235 35 15 3 232 32 16 O 3 3 -1 3
-67 3 5 -9/ |-64 0 8 -8/ |-3 3 -3 -1

c-c@; = - =
-17 13 -7 9| |-16 16 -8 8 -1 -3 1 1
5 37 2 1 8 4 0 0| |-3 -3 2 1
235 35 15 37 [236 36 16 O -1 -1 -1 3

c_c@ |-67 3 5 -9/ |-66 0 0 -16| |-1 3 5 7

7l217 13 =7 9| |-16 12 0 o | |-1 1 -7 9

5 37 2 1 0 32 0 O 5 5 2 1

e

1 @ 2_1 2 2

— -c =—[ 9-3+1.22+6-1?|=5.6875

uv ZU:ZV:( Cu‘v l,u‘v) 16|: :|

2
= PSNR=10-log,, % =40.58 dB

1 2 1
U—VZZ( Cow —C %00 ZTG[ 19°+2.7°+35+2.3+1.2°+7.1° | =17.6875

2557
= PSNR=10-log,, —— = 35,65 dB
17.6875

2

1 o 1 D
R(D):Elogz 5 sR(Dl)-R(DZ)szg{Dj

With the difference by distortion, theoretically a rate difference of 0.8184 bit could be
expected. The actua difference is only 0.625 bit, which can be explained by the fact that
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the frequency weighting is suboptimum when the distortion criterion is the unweighted
sguared error.

Problem 12.5
o 2
a 1D: O'ezzaxz.(l_pz):4.(1_%):1 —G= Xz =4
O-e
2
D g2=02-(1-p7)(1-p)=4-1-2)-1-3=025= G=T - 16
O,

e

b) 1D: RG=—%-Iogz(l—p2)=—%~Iogz(0.25)=1 bit

2D: R, ==>10g, (1- ) -3 log, (1- p.)

= Z(—élog2 (0.25)] =2 bit

¢) Attheinput of the predictor P, the reconstruction signal y(m,n) must be available. This
can be computed from the original signal x(m,n) by adding the quantization error:

y(m, n) = x(M, n) — g(m, n) = x(m, n) — [e(m, n) —v(m, n)] = x(m, n) — e(m, n) + v(m, n)

v(m,n)

C [—>b(mn)

Problem 12.6
a) H=1lin caseP(S)=P(W)=0.5; maximum number of bits 16-1=16.
b) P(S)=0.25 P(W)=0.75= H =—;log, ;- >log, > =-log, s —~l0g,3=2-2-1.6=0.8

Q) P(SS)=1/16, P(SW)=P(W,9)=3/16, P(W,W)=9/16

#bits | Symbol [ Probability

1 w,w 9/16

2 W,s 3/16

3 sSw 3/16

3 S,S 1/16
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2167716716 16 ) 216 32
d) i) P(W,W)=5/8, P(SW)=P(W,S)=P(S,9)=1/8
ii) P(W,W)=1/2, P(SW)=1/2, P(W,S)=P(S,5)=0

€) i) 5+2+3+3 hit for the code +1 bit signalization = 14 bit
ii) 4+8 bit for the code +1 bit signalization = 13 hit (better)
Advantage of ii) would e.g. not apply when the Huffman code from ¢) is used, asthe
combination (S,W) is encoded by 3 hit.

Problem 12.7
o/=07(1-p*)=16-(1-3) = 7= R(D,) )
o, 16
a) . O_ZZ O_ZZ " . GOpt > :7
=5|092D_ :2:>D. =2"=D,, =% o,

l\)‘%‘

b) E{coz}:[\/z]z {[x(n)+x(n J [
E{c’}= [ ]E{ x(n)—x(n-1)] }
1.(28+4) 15 GOp

Codinggain G, = Zm VBT 16 \/73 Dabit = Diin - \/7 \/7

2

2
J ’[2+2p]=02-(1+p)=16-7=28

m\@

2
j 02[2-2p]=07(1-p)=16-} =4

. . 1 o
¢ i)optimum: R==l|og, =
292

1
=Zlog,7=14
2og2 1
iijusing T :
R:%{%Iogz {°°}+ Llog, Efo? }} Zliog, 28+1og, 4)|= % [log, 7+2+2)]=

) Eleo’| =02 0+ p)=49 1 Eleo?} =E{en?] =0,2- 0+ p) (1-p)=7
1~(49+7+7+1)

E{cn?] =0,2-(1-p)?=1=G,, =4 -2
{Cll} X ( p) 2,2 m 7

Problem 13.1
8 (1311)= See(Ql,Qz)=2~SXX(£21,QZ)~[1—Re{f(p(ke,le)ﬂ
j{p(ke)}=¢7{l3(le)}=%-[e“" +1+ e’j“']=%~[1+ 2cosQ,]; =12

Su(Q1,Q,) = 2- s,“(gl,gz)-{l—%(n 20050, )- (1+ 2cosgz)}

© OhnVIENT 2003



Solutions on End-of-chapter Problems 61

b) Condition in the stop band of thefilter: S, (Q;) < See(€2;) -
Cutoff frequency Q, : S, (Q;) = S (23)
Se(Q)=2- sxx(szl){l—;l,,(ﬂ 2cos91)} =§~ Sa(Q,)-[1-cosQ, ]

:lzﬂ—%-cosQ1 :%:gcosglscosgl :%391 =042-x%

V4 2
0 ol=2> Aj Q= Al z- 27 |- 571 A
o T 2 2
or=2.1.a% [(7-Q,)-[1-cos,]dQ AT [co s§21+1'f£21-cos£21
2 35 312 4 Ty
2A- (72 -4
el ~[sne,]7+ 1[cosQ +Q,snQ,]" _AAlzm 2 :¥:1.246-A
3 312 7 3r
2
=G="%=126; Gy =10-l0g,, G ~1.007 dB
O-E
1 4 0.427 T
2
"e,nnzz'z,,'A'{g' [ (7-Q,)-[1-cos@,]dQ, + | (ﬂ—Ql)dgl}
0 0427
2 2
_A4 7r-Ql—Q—1—7r-sian+cosQl+(21-sin§21 Py ﬁ-Ql—Q—l
7|3 2 0 04271
A , 0422, .
=—|=-042-7% - > " —-sin(0.427 )+ cos(0.427) +(0.427)-sin(0.427) -1
T
2
{—0427;2 0‘;2 7r2H
0.850
G=% _1g5. Gag =10-l0g,, G = 2.668 dB
O-efllt
Problem 13.2

a) Vectork; : 107 +10% +07 +(~10) =300

Vector k, : 202 +202 +20% +20% =1600
Vector k; isthe better choice according to this criterion.

V2 42 f V2 V2o

b | 2 > {10 10 5> | [542 0 172 2 |_[5 5}
V2 J2|lo0 -10] f f 542 10.42]|V2 V2| [15 -5
| 2 2 ] 2 | 2 2 ]
J2. 2 2 ﬁ v2o N2 |
> 5 |[20 20)| 5 5| 2042 zof.j > | _[40 o}
V2 2 {20 20} V2 20| o 0o |[|¥2 42| [0 0
L2 2] L2 2 L2 2]

Bit alocationin caseof k; : 7+ 7 + 9 + 7 bit = 30 bit
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Bit dlocationincaseof ky: 13+ 1+ 1 + 1 bit = 13 hit

In both cases lossless coding of the (discrete) prediction error signal. Choosing k;
gives amuch lower number of bits, which can be explained by the high spatia correla-
tion of the prediction error signal.

Problem 13.3

In the following block diagram the notation definitions used for the signals are given. For
the top figure, the signals are marked by superscript "(1)", for the bottom figure, superscript
"(2)" is used.

() @
s Vg Base

Enhancement
> yo
Base s >y
B
hy @
B
+
b ¥
S
Enhancement -
z
A %@
E

All the subsequent formulations are made in the spectra domain, where the motion-
compensated predictor is defined as a linear system of transfer function Hyc(Q). The base
layer isidentical for both structures. Hence, the following relationships hold:

XP@=x2@=x_@ ; EQ@=-EP@=E (@)

VE@=v2@=v (@ ; YD@=YP@=Y (@)

Further, as both reconstructed signals shall be equal:

_vQ® _ (6 . 1
V(@)=Y @)= Va@+V U@ |
V() =V (Q). 1 v @ ). 1
@®=Ve@ @V e @ h @

=V =vP @)=V (@)
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This leads to the following definitions of prediction estimates:

Vg (22)+Ve ()
1-Hpc(Q)
Ve ()
1-Hyc(®)

X 9(Q) = Hyc (@)

X2(Q)=Hyc(@):

Ve(©)

*®(0y_ % Do) — ,
= XP(@)-XP@=Huc@ 2 =

=Huc (2)-Ys ()

Finally, the prediction errors at the enhancement quantizer inputs are:

EY @) =x@)-Xx@)-Vs(@)
Vi (@) +Ve ()
1-Hyc (@)
Ve (@)
1-Hyc (@)

= X(Q)—HMC(Q)' —VB(Q)

= X(Q)—HMC(Q)'

_VB(Q).{HW}

1-H MC (Q)

_ 1
1-Hyc(Q)

Ve ()

= X(Q)_HMC(Q)'W
MC

—Yg ()

EP (@)= X(@)-Ys (@) - X (@) - Y5 (@)

Ve ()

= X(Q)_HMC(Q)'m

—Yg ()

= EV (@) =EP (@) =Ec(Q)

Problem 13.4

a)

b)

©)

1 o2 g’ 1
=1 X =6=>D="2%X=—"+
2% 22 256

1 1 .
Reo =—E|ng(1—,02)=§|092(4)=]b|t

RG,ZD = 2RG,1D = 2bit

The shaded areais uncovered and must be newly encoded. Thisis 1/9 of thetotal area,
and hence requires 1/9 of the bit number that would be necessary to encode a complete
frame by intraframe coding.
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80 10

50

d)

e

f)

Number of pixels to be encoded: 90x50 (1% frame) + 90x50x1/9 x9 (subsequent
frames) =9000; 9000 pixel x 4 bit/pixel = 36000 bit.

4500 pixel in 1% frame = 9000/4500=2 hit/pixel. Considering the coding gain by
utilizing the spatial correlation:
1
o’ c?1 1 D 18
X (1— 2 1— 2y _ “x .7:7371:7:16
256

D, =

Coding distortion from the previous frame is fed into the prediction error signa. The
spectrum of the prediction error signal then is, according to (13.12) and (13.13)

See(€21,Q22)=MiN(Se(21,€27),0)

The coding distortion from €) is white noise, as according to the following estimation
condition (11.23) till holds, i.e. encoding is performed within the range of "high dis-
tortion":

0,20 ) (o (V1) e
Lrp)- (o) T (1443r2) T 7/4+43
=(

7/4—\/:_')))2 -256 = 0.0004-256 =~ 0.1> 1—]('3

Hence in this case, ©=D; and S(Q,,Q,)=D;=const.
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