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-2 - Multimedia Signal Coding and Transmission

Equations for inversion of 2x2 and 3x3 matrices:

- 4
Al =|8n a12:| _ 1 { a7 _a12:|
1821 8x Ay —apdy [—8 4y
- 4
a;; a, ap ! Ay833 —8y383, Q383 — 83z Ap8; —a38y
.l
A =3y Ay ay :m' a318y; —ay833 dy1833 —aj3d3; Q38 —dpay
a3 a3 a3 Ay183; —a318; dpaz —a;dzy A1y —3pay

|A| =4y 8ya833 +3p8383) T a138183; — Q118383 — 8871833 — 38,83

Problem 1.1
a) per image frame: 1920 x 1080 +2 - (960 x 1080) Byte = 4.147,200 Byte
per second:  4.147,200 Byte - 60 =248.832 Mbyte
per minute: 248.832 Mbyte - 60 = 14.92992 Gbyte
whole movie: 14.92992 Gbyte - 150 ~ 2.2395 Tbyte
b) 2239.5x(1:200)=11.1975 GByte
c) 248.832 Mbyte/s = 248.832 - 8 Mbit/s = 1.990656 Gbit/s
1.990656 Gbit/s - (1:200) = 9.95328 Mbit/s using HEVC
Increase by 10%: 9.95328 Mbit/s - 1.1 = 10.9486 Mbit/s

Note: The calculations above define 1 Mbyte as 1.000,000 Byte. In calculating hard disc storage, typically the definition 1 MByte as
1,024%=1.048,576 Byte is used.

Problem 1.2

a) Rate for video signal: 720 kbit/s — 20 kbit/s = 700 kbit/s
buffer memory size: 700 kbit/s - 0.1 s = 70 kbit

b) Mean number of bits per frame is 700 kbit/s : 30 frames/s = 23.333 kbit/frame (target data rate). Decrease of Q factor by k ef-
fects increase of actual data rate by (1.1)% — if the Q factor is increased, K is less than zero, such that the data rate becomes lower.
Effect of the rate control: updated data rate = actual data rate - (1.1)¥ <target
19.28 kbit - (1.1)% < 23.33 kbit = (1.1)¥ < 23.33/19.28 kbit = k - log (1.1) < log (23.33/19.28)
k <log(23.33/19.28) /log (1.1) ~ 2.154

The best choice is decreasing the Q factor by two steps, which provides better quality. This may bring up the rate to approximately
23.3288 kbit/frame or 699.86 kbit/s.

Note: Practically, a more conservative choice, e.g. decreasing by only one step may be more appropriate. Firstly, the rule of thumb
given here may not appy to all sequences; second, strong fluctuations of quality may be undesirable; third, if there are different
picture types in encoding (such as intra, unidirectional and bidirectional prediction), their bit consumption may also be quite differ-
ent.

Problem 2.1

a) With the frequency domain sampling basis f — 112
T 1 |
2
Interpretation from the following Figure: Boundary of base band (gray) in the first quadrant is limited by lines g1 and ga. The centers
of basebands and of next periodic spectrum copies ® establish corners of triangles having side lengths [fo|=|f1|=|1/T|. Triangles A,B
and C are congruent.

The intercepts of the lines are as given in the following table:

f1 axis f2 axis
g1 | parallel 1/(2T)
2 |3/ @3T) /T

The line equations are
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Solutions

1
g f,=—
Poor
fl
L@
T |
£
A\\.gz
1 g
LT ®
f,
g il +f,T=1 < f+—

V373 NG fT

All signal components above any of the two lines
must be zero to fulfill the sampling conditions.
In the first quadrant, this can be forrnulated as

S(f,f,)=0 for f,> L and f+—

J—IT

Generalization into all four quadrants gives (2.72).

b) From Figure above: Gray area in first quadrant (rectangle + triangle B having half size of rectangle)

Aom s 1

In comparison, using rectangular sampling with ar=as in the first quadrant (from Fig. 2.13c)

2T 6T 7 4T 2
() = 2L
2T A‘ect 2
¢) From Fig. 2.13a resp. length of the basis vector to from (2.63) : T 2 T, .

Lhex ﬁ 2

-I- - Tl,hex — 2

’ Tl,rccl \/g
d) ‘Thex :i 1 2 _TLhex _ A’ect

For rectangular sampling T

Lrect —

J——0= =
T2 \/5 \/5 \/g Tl,rec\ A1€X

Results of ¢) and d) determine the factor, by which the number of samples is lower in case of hexagonal sampling, as compared
to rectangular sampling using identical line spacing. The result from b) is the reciprocal value, as the size of the baseband spec-

trum behaves reciprocally with the 'sampling area'.
€) Area of the CCD chip 10x7.5 mm?, NiN2=4-10° Pixel.

_ 10 4 2 6
Rectangular: Tl _TZ = N],rccl - 75 NZ,rcct = 3(N2,rcc() =4-10
=N, =+/3-10° 1,732 rows

2,rect

10 3 2

T=—/T, =N = — g
Hexagonal: B thex TSty e U

= Nypo = \/2'\/5 -10° ~ 1,861 rows

Sampling distances:
rectangular 7.5 mm / 1,732 = 4.33 pm ; hexagonal 7.5 mm / 1,861 = 4.03 pm.

(NZ,hex )2 = 4106
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Problem 2.2
a) 2T.
O 0 0 O
K o 6 o o
o O O O
® 6 o o
o O O O
®e 6 o o
o O O O
®e 6 o o
b)
S,(f. 1) =S(f, ) x| —— 3 % 5[f1—ﬁ,fz—ﬁ](1+ej““l“*m)}
L4TT, S P AR

1 & & k k i’
=S(f,, f))** S| B -, f, -2 |1+
(1) 4TT 2 Z [‘ 21,7 % 2T J( © )

2
=2,k; +k, =2k; even
=0.k; +k; odd

1 & & ki k
=S(f, f )%= DI [ Rl AR e
(. 1) oTT [1 2T 7T 2T2H

Voo
=|F|>.S(f-kF) with T =T, =T, and Fol A
k T _% 1

Note: With different scaling T =T, = Tlx/§ /2 this would give the scheme of hexagonal sampling, Fig. 2.11c and (2.63) top.

Problem 2.3
a) Boundaries of the baseband: Boundary |f,|+|f,|= L = L+|F2| <« =|F|< L
2T 3T 2T 6T
b) According to the result from a), the sampling condition is violated. Alias in the first quadrant results from the spectral copy at

Fi1=1/(2T), F2=1/(2T). The resulting alias frequency is Fi’=1/2T)-1/(3T)=1/(6T), F2’=1/(2T)— 1/3T)=1/(6T).

Center of
spectral copy
1
ot 2
___Violation of
rsampling theorem

visible

67,

T T ! lias frequency
Center of@/ 1: 11 1
baseband 5T 3T T fi
Problem 2.4
: NG
pg=act 5 a=—op - | T8 r(x)=[ety dy
o j o
b= L
a) o,
1
= P, =——=¢ "
O,
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Solutions -5 -

s

V2
— V2
M Ne) LT
oo’ 2 N, 7 Vo
1

<) limf(%jzl"(O); limF(fJ:F(O);but F(O):lim&:hmf:oo

x—>0 X x—0 X

Assumption : b is a positive and real-valued constant. Different cases are:
1 . . b 1 . .
|x| <= =|bxX|<1= lim|bx|" =0 = lime P4 ~1 und [x|>= = |bx|>1= lim|bx/ =0 = lime L)
y— o0 b yo® 7o®

This is a uniform distribution, ps(X)=a=b/2 for —1/b<x<1/b.

Ps(x)
b/2
“1/b 1/b ;
1/b
The constants a and b are: 0-52:9 J' deX:%:b: ! ;aZE: 1
b 3b NEY 2 120,
Problem 2.5
1 2
100 =00 = (0= 0. ; o 2r
2) D=02p: 4(D)=0p" C,=a’|lp 1 p
/uss —(75 P /'lss - Gs P p2 P 1
1 00 1 00
b, =00 1 0|=>C'=—|o 1 0| DetiCul[oF
00 1 %10 0 1
N "o 0]
- % {0 1 0% NP
o SR e
> B 23 30 2\3
(2n) (") (2n) (o)
L
:[F e 27 e M e P = p (%) P, (%) Py (%)
27c052}
Problem 2.6

a) For statistical independency, Pr(ji,j2) =Pr (j1)Pr(j2), Pr(ji]j2) =Pr(j1), Pr(j2|j1) =Pr(j2). Hence,

H(818)=-2> Pr(j)Pr(j,)log, Pr(j,)

i

= —ZPr( jl)zpr( J)log, Pr(j,)=H(S,)
Ji I3
3

similarly for H(ji|j2). This gives 1(§;8,)=H(8&)-H (S |§)=H(S)-H(§1S,)=0,
which can also be shown by direct computation:

; ; Pr(j) Pr(J,)
| S,Sz = P | P 2 1 2%:0
(855, ;Z 1(J;)Pr(j,)log Pr(j ) Pr(jy)

b) For this case, Pr(j1,j2) =Pr(j1) 8(j1—j2) =Pr(j2) 5(1—j2), Pr(j1]i2) =Pr(j2lj1) = S(j1—j2) (discrete delta impulse: =0 for ji#j2, =1 else).

Hence, all entries j1 # j2 can be disregarded:

HS18)= D Pr(j)log,)=0=1(8:8)=H(§)-H(S|S)=H(S):
ii(h=i)
or by direct computation:
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-6-  Multimedia Signal Coding and Transmission

. Pr(j,) . 1
1(8:8,) = Pr(j)log, ——"—= Pr(j)log,——=H(S)
i jl(hz:jﬁ CT () Pr(j) ;) TRy
Problem 2.7
1 | o} -u
a)  [Cy|=0)0]— g Cy' =17 " >
Cy| [~Hs O
1 ng(xfms)ﬁr;sz(y—mg )Zfz;zsg(xfms )(y-my)
1 2 651(7917/‘592
psg (Xs y) = 726
ZTE) CSg

Hsg=0 : (in the sequel, assumption of zero-mean signals, Ms=mg=0)

2.2, 2.2
_logX'tosy 1 x? 1y?
——5

1 2 olog 1 1
Py ()= e T m e
? (21[)2 oo’ \2no |2no,’

X=Y : As joint values with X2y cannot occur, the following condition holds:

2."52 e 20 _

Ps(X) - Pg (Y)

y—¢ © @
j P,y (X, y)dx = j P, (x,y)dx=0 forall ¢ >0 and jpsg(x,y)dyz p.(X)

y+e

Using the "sifting property" of o(-), these conditions are fulfilled by the following function using the Dirac impulse:
Psg(X,y)=Pps(X)5(y—x). This also guarantees that the volume below the joint PDF is one:

T T Py (X, y)dydx = ]g ]g P, (X)o(y — X)dydx = T ps(x)Té(y—x)dydx: T p,(X)dx =1

—o0 —o0 —0 —00

S
=1

l%zxz"“’szyz’zﬂsgw 1%

Py (%Y) 1 ERr o

5) py(yl0 === e’ T 2mol e’

P, (X) \/(27:)2(0'52092 —usgz)
Expressed by normalized covariance coefficients psg=1isq/(os0) :

3 _u
2no; B
e
2 2 _2_2 1 2
(2n) 0o, ( T Hsy )
|05 X +037Y 2050 pyy xy—xzaﬂz(l—psgz)

2 ”sz%z(l’pﬂzl)

1| 0’ X +0.7y? =200 g Xy x
3
afag?(lfpsgz) oy

Pg‘s(y\x):\/

_os’y? 20509 psg1y+iPogosg”
1 osog’(1-nsq”)

27“792(]_'0592) znagz(]_psgz)

Note: this is also the PDF of the prediction error, when g(t) is predicted from s(t) using a predictor coefficient oypsy/ os=pusy/ 05*; the
variance of the prediction error is og?(1—psg).

For uncorrelated signals, psg=0:
1y?

e’ = p,(y)

Pys (Y [ X) =

Znag

For fully dependent signals, psg=1 and pgs(y[X)=5(y—X).
Problem 2.8

3 {1 p] P, cok,o} k=01
p 1] Pia

k=0 : Poo + P bos = (1+P)'¢0,0 5 P ooty = (1+ P)'¢0,1 = Poo =%
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k=1: ot o 9 :(I_P)'¢1,o 5 P oo :(I_P)'¢1,1 = dio =9

X4

Bl
d)\! i

W2 X%

e 2

Q |

e
Orthonormality:

2 2 ) 2 2 2 2 2 2 1
Poo +doi =1 5 P+ =1 = doo” =00 =P =4 ZE Poo =00y =%

b) 4 possible solutions (combinations of + signs) are (the Figure above shows the case with both signs positive)

¥ ¥
2 2

D == ;D ==

0 \/5 1 _Q
2 2

c) Basis system is orthonormal and real: ¥-'=¥T

1 1
¥v-[ o, CI)I]:Q -
211 -1
d) |RF1-22; Ai-A2=(1+p)-(1-p)=1-p?=|A| in the eigenvalue system
4 0
RY=YA ; A=
0 4

Problem 2.9
Proof of autocorrelation properties:

S, (N+1) = ps,; (N)+v(n+1)
S, (N+2) = ps, . (N+1)+v(n+2) = p’s, . (N)+ pv(nN+1)+Vv(N+2)

Sy (N+K) = ps, (N+Kk=1)+v(n+k) = p"sAR(n)+Zk:pk"v(n +1)
I1=1
P (K) = E{s, (NS, (N+K)}

= Pk S{SAR(n)SAR (n)} + ‘S{SAR(n)iPkIV(n + I)}

I=1

:O'SZ
=0

Dss (_k) = qpss(k) = wss(k) = O-szp‘k‘

Proof of variance properties:
o, = €[V} =&{(s, (M- s, (1-D)’}

= &{(su (M)} -2 {5, (s, (=D} + 07 {(5, (1-D)'}

2
_2 =po. _n2
=0y s =0,

~o2(1-5

Proof of spectral properties:

1
B(f)=m

2
O—V
d>ss<f>=rff\B<f>\z=W

2 2

O, O,

v

B l—p(e'ﬂ"f +el™ )4—,02 - 1-2pcos2naf + p

alternatively by Fourier transform of ACF:

5 ¢1,0 :—¢1,1 =+

Solutions -7 -

V2

2
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1= Eoutre™ o £t < Sloe 5100 |
k=—0 k=—0 k=0 k=1
With iak :L when ‘a‘<1:
k=0 l-a
! U S 052(1_/02) _ o
1-—pe® 1 pe™™ - l—p(e’jz’Tf +el )+p2 " 1-2pcos2nf + p?

:>d)ss(f)=asz{

Problem 2.10

(e b

O 2 | O

P p 1]a®2)

al)+pa)=p  =a)=p[l-a@2)]

pa()+a2)=p’ = p’[1-a@)]+a@Q)=p’ =a@)[1-p'] =0

For p#1: a(1)=p; a(2)=0. For p=1: a(1)+a(2)=1 (degenerate case)

Problem 2.11

o, =&{e’m) =&{[sn,n,)-8n.n)T | ; 8(n,n,) =0.55(n, ~1,n,)+0.55(n,,n, ~1)

o, =&{s*(n.,n,)} = (2-0.5)&{s(n,,n,)s(n, —1,n,)} = (2-0.5)E{s(n,.n,)s(n,,n, — )}
+(0.5-0.5)&{s*(n, =1,n,)} +(0.5-0.5) €{s(n,,n, = D)} +(2-0.25)&{s(n, ~1,n,)s(n,,n, ~ 1)}
=0 -po - p,0,.+02507 +0250> +0.5p,p,0," =0 [1.5— p,— p, +0.50,0,]

For pi==0.95 : 0z*=0.05125- 0%
Separable Predictor : Prediction error = variance of innovation, according to (2.195)

0. =0.=0.[1-p][1-p, ] - For pr=m=0.95 : 5*<0.0095060

Problem 2.12
a) Result as in Problem 4.4:

o) =0.=0.[1-p|[1-p,] . For p=p=0.95 : 0*=0.009506 05"
b) As a result of translation shift: s(ni,nz,nz—1)=s(ni+ki,n2+kz,n3)
o’ = 8{[s(n1,n2,n3)— s(n,,n,, N, —1)]2} ~ £{[s(nl,n2,n3)—s(n1 +k,n, + kz,n3)]2}
=&{s*(n,,N,,n,)} = 2&{s(n,n,.n)s(n, + K0, + Ky, 0)}+E{S™ (n, +k.n, +k,,n,)}
~20.[1-plp)"]

For pi=,=0.95 : 0:=0.8025 0%>
¢) By knowing actual shift for prediction: x(m-k,n-1,0-1)=x(m,n,0)

aez:8{[s(n1,n2,n3)—s(nl—kl,nz—kz,nS—l)]Z} :8{[s(nl,n2,n3)—s(nl,nz,n3)]2}:0
Problem 2.13
1 1 1 1 1 1 1 1
a) THaar(4):l 1 I -1 -1 TWalsh(4):l1 -1 -1
2012 =v2 0 0 | 201 -1 -1 1
0 0 2 -2 1 -1 1 -1
b) C=[TS]T,"
i) Haar basis :
Vertical transform step C, =T S
1 1 1 1 M8 4 2 4] [20 8 4 8
c—ll -1 =1 1g 4 2 4| |16 0 0 0
T2l 2 02 424/ 0 000
0 0 2 2|2 42 4] ][0 000
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Horizontal transform step C=C_T,"

20 8 4 8|1 1 ~2 0] [0 38 62 242
C_11600011—x/§02888\/§0
200 0 0 0|1 -1 0 2 0 0 0
0000 .y o -2 0 0 0
ii) Walsh basis :
Vertical transform step C, =T S
11 1 1718 4 2 4] [20 8 4 8
11 1 -1 -1||18 4 2 4| |16 0 0 ©
211 <1 -1 1|2 42 4|/ ]0o 00 0
1 -1 1 -1{[2 42 4/ |0 00 0
Horizontal transform step C=C_T,"
20 8 4 8[1 1 1 17720 8 8 4
c 160001 1 1 -1 |8 88 8
0 00 Ol[1 -1 -1 1 0 00 0
0 00 0|1 -1 1 -1/ |0 000

Solutions -9 -

¢) Haar transform better suitable for this case, as more coefficients are zero, which typically requires less rate for encoding.

Problem 2.14

V2

2
2) T :\/2 cos
3 6
T
COS—
| 3

t,'t, =] .=

CN3 )] 2

COSTT

2

fi
cos—
3

S

-1

1 p p
b) c.=cllp 1 p| ; C.=[TC/]T
P op 1 Cec
V2 V2 A2
202 2
C. . =TC, =0/ 2 ﬁ 0 —ﬁ p 1 p
302 2 17
1 p|Loe
—_ _1 —_
2 2

2 . 2V (2
B[4 24 (B[
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(V2 2
~—|l+p+p"| —[1+2
S Lpep’] Sliv20]

cor 2| Dpes] 0 e

2

1+p+p2}

5 .
1

%[sz]—p p-1 %[sz]—p

_g[l+p+p2:| —[1 2p] [[1+p+p ]g ? %
cu:c;cTT:%oj ?[1—,)2] 0 ‘/25[/)2—1] % 0 -1
%[H/ﬂ—p p-1 %[sz]—p g —g %
_7+2p+p 0 g[pz—p]
=0, 0 %[1—,;2] 0
Sl 0 s

2.8683 0 —-.033
© p09: c =0’ 0 0975 0
—-.033 0 .0342
1.8333 0 -.177
P05 ¢ ,=0 0 75 0
-177 0 41671
In the second case, higher correlation is observed between Co and C2; less concentration of energy in low-frequency coefficients.

d) tr(Css) = tr(Cee,1) = tr(Cee2) = 305> As the transformation is orthonormal, the total energy and variance of the vector is unchanged.

Problem 2.15

I 1 1 1
a) T:l 1 -1 -1
21 -1 0 O
0o 0 1 -1
1 1 1 1 1 p p P11 1 0
c L1 Sl 1 P -0
“ 401 -1 0 O0f|p* p 1 pfl -1 0 1
00 1 —1f|p p> p 1] -1
[T+ p+p2+p° 142p+p> 1+2p+p*> 1+p+p’ +p 11 1 0
b) _al|l+p=p’=p’ 1-p° p -1 p+p 1 1 -1 0
4 l1-p p-1 P -p 1 -1 0 1
L p-p p=p’ 1-p 1 -1 0 -l
_4+6p+4p2+2p3 0 P - p-p
_o. 0 442p-4p"  p-p’ p-p
4 p=p p=p 2-2p 2p°-p'-p
p=p p=p'  2p-p'-p  2-2p

c) Positive correlation between coefficient 1, and C2|C3: If a signal has a local gradient around the center of the block, this will be
measured just at different scale. Extremely small negative correlation between C2/C3, which are measuring local changes in signal at
different positions. No correlation between Co and C1, because the first is measuring the mean, and a superimposed change around the
center of the block is positive or negative with same probability. Some positive correlation between Co and €3, and negative between
Co and C2: If a positive gradient is found in the right part of the block as measured by €3, the mean measured by Co will by tendency be
higher; this will likewise be the case if a negative gradient is found in the left part of the block as measured by Ca.
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Problem 2.16
a) i(to)——2 Q R er"f4-£e’j“f =e ™ V2 cosnf

2 2 2 2

i Lo
Z(t, )—Q Q = {\/zejnf—\/zejnf}:em V2 jsinnf =e (2 f]\/Esinrcf
2 2 2 2
2 2
b) 21 V2 +£ 2 =0
2 2 2 2

c) V2 cosnf :x/zsin(n(%+ f)):\/zsin(n(%— f)) [with cosa=sin(a+7r/2);sina=sin(7z—a)]

d) [x/zcos f ]2 + [x/fsin f T =2. [cosz nf +sin® nf ] =

Problem 2.17
a) Arguments of the windowing function:

W(O):singz ; W(l):sin%: ; W(2):sin5?n:B ; W(3):Sin%:A
Arguments of the cosine function:

3n Smy_
ho(O)—COS(—gj B; h(l)—cos(gj B; h(2)—cos[8j A; ho(3)—cos[8j— A

h/(0) = cos(—%) A hi)= COS(38 j A;h(@2)= cos(%) =-B; h(3)= cos(ls?nj =B

Basis vectors:
t,=[AB BB BA -AA]' ; t =[AA BA -BB AB|

b) ¢t =t"t,=AB+B’A-B’A-AB=0
t)t, = A'B’+B' + BA" + A' =t = A"+ B’A’ + B+ A°B7 =[ AT+ BZT

2
[Az + BZT :{Sin25+coszﬁ} =1
8 8

©)
F(t,)=AB+B e M+ ABe - A = AB[1+e 7 | 4o - A g ]

- AB efj2nf [ejznf +e12nf :|+e127tf _ Az e—j4nf |:ej2nf + esznf :|

=2ABe ™ cos(2nf )+ " —2A% e ™ cos(2nf ) =& [1 +2cos(2nf )(AB — A2 i )}
F(t)=A+ABe " -B’ e+ ABe " =1-B[1+e " | + AB[e " 4o Je

=1- Bz e-jm [ejan +e—j2nf ]+ ABe—j4nf |:ej27tf +e—j2nf :|

=1-2B%*e ™ cos(Zch )+ 2 ABe cos(2nf ) =1-2¢7 cos(Zch )(AB e _ BZ)

Solutions - 11 -

d) The basis functions do not express impulse responses of linear-phase filters. However, fast algorithms can be realized, as same
factors (A%,B?AB) are used multiple times. By appropriate realization, at most three multiplications/sample must be applied to

compute the 1D transform.

Problem 2.18
a) Relationships of filter impulse responses: h (n)=(~1)'""h,(1-n)

Filter with 6 coefficients, lowpass:
hy(=2) hy(=1) hy(0) ho(D) he(2) ho(3)
A B C C B A

Filter with 6 coefficients, highpass:

(2= —h(3) [hi=D=he) [ m@=-h(D) [ mO=h(0) [h@=h=D [ hG)=he(-2)

-A B -C C -B A

3 3
> h(mh(n)=-A"+B>~C*+C*~B*+ A" =0and ) h’(N)=2(A*+B*+C*)>0 ; k=0,

n=-2 n=-2
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Filter with 5 coefficients, lowpass:

ho(=2) ho(=1) ho(0) ho(1) ho(2) ho(3)

A B C B A 0

Filter with 5 coefficients, highpass:

hi(=2)=-ho(3) | hi(=D)=ho(2) | hi(0)=—hy(1) hD)=ho(®) | hi2)=-ho(=1) | h:B3)=he(-2)

0 A -B C -B A

3 3
> h(mh(n)=AB-BC+BC—-AB=0 and ) h’(n)=2:(A’+B’)+C*>0 ; k=0l

n=-2 n=-2

b)

Filter with 6 coefficients:

z-transfer functions of the equivalent polyphase filter components (without subsampling):
Hya(2)=H,(2)=Az> +Bz+C+Cz ' +Bz > + Az”

H/.(z)=H,(z)=-Az* +Bz-C+Cz ' -Bz* + A"
Hos(2)=2"H,(2)=Az+B+Cz" +Cz7 +Bz” + Az
H/,(z2)=2"'H(z)=-Az+B-Cz'+Cz” -Bz” + Az™*
Subsampling eliminates the odd-indexed filter coefficients:
Hox(2)=Az+C+Bz"
H,A(2)=-Az-C-Bz'=-H,,(2)
Hop(2)=B+Cz' + Az

Hip(2)=B+Cz"'+Az” =Hg;(2)

Due to Hi.a(z)= -Ho.a(z) and His(z)=Ho8(2), the A and B branches each require a filter with 2 delay taps and 3 multiplications. As
this is performed in parallel for two samples, only 3 multiplications/sample are necessary effectively (instead of 12, when lowpass
and highpass filters are applied directly before the subsampling steps).

Filter with 5 coefficients:
z-transfer functions of the equivalent polyphase filter components (without subsampling):
HyA(2)=H,(2)= Az’ +Bz+C+Bz '+ Az”

H/,(2)=H,(2)=Az' -B+Cz"' Bz + Az”
Hi,(2)=2"H,(2)=Az+B+Cz "' +Bz” + Az”
Hl’,B(Z) = Z_IHI(Z) =A-Bz'+Cz?-Bz?+Az*

After subsampling:
Hoa(2)=Az+C+AZ" :C+A( z+z’1)

HiA(2)=-B-Bz ' =-B(1+2)
Ho(2)=B+Bz" =B( 1+2")==H,,(2)

Hp(2)=A+Cz'+ Az =Cz' + A( 1+ 2’2) =2"H,,(2)

Here, again 3 multiplications/sample are necessary (instead of 10 for direct computation).
In both the A and B branches, one filter with one and one with two delay taps must be implemented.

Problem 2.19
201 2 201
) @ (f=1/2=2072)_0.07p)
1+2p+p 1+p
o= 0'52(1 -p’)= 0,36652
b) Prediction of s(n) is performed from s(n-2). Hence,
(/’55(2) =

9) ee(n’)zs(n’)—pzs(n'—l) '=|n/2]
1

n
o, {(s(n) p’s(n-2) } s(n) —2p*E{s(Ns(n-2)} + p* €{s’(N-2)} =0’ (1-p*) =G =—rH
—_— -— 1-p

2

:%31+p=9(1—p):>p=0.8

o.(2)=0, p ="

olp o
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d) e (n)=s@2n)-p’s(2n'-2); e (n)=s(2n'-1)- p’s(2n’'-3)
Efe.(nNe,(n)} = 6{[s(n)—pzs(n ~2)|[s(n-1-p’s(n —3)]} =&{s(Ms(n-1)} - p* E{s(n-1)s(n-2)}

2 2
olp alp

—p’ E{s(ns(n-3)} + p* E{s(n-2)s(n-3)} =0 (p- p°)

Consequently, the prediction errors within the two polyphase components are not uncorrelated.

Problem 2.20
o’ 7
Q) gl - __—16
(1-0) (l_ij
16
8 s(n)—s(n— 1 2
b (s(m-stn-1)’} o ol 16
=€ s(n)} 26{s(ms(n-D} +&{s’(n-D} =25, (1- p) =8 o,
©) G, = _16 G 8
av "7 Gy 7
2
o, (f)=d_(H|A(f) = % 1= el )(1—e 2
d) ee( ) ss( )‘ ( )‘ 1—2pCOS(27'Cf)+p2( € )( € )

_ 20, (l—cos(Zch )) _ 14-(1—c0s(2nf ))

1—2pcos(2nf)+p2 2 —2cos(2nf)

16 2

& B(2)== pz

-1

?ﬁ?

Problem 2.21
a) s(n) is zero-mean Gaussian AR(I) with variance os’>=cv*/(1-p?). Therefore,

\/7 j e s dx and Pr{b(n) =1]=1-Pr[b(n) = 0].
b) The probability of a state transition follows from the probability that the sign of S(n+1) is different from the sign of s(n). The joint
probability density of the two samples can be modelled as a 2D Gaussian with zero mean, cf. (2.151). With random variables Xi

referring s(n), and x2 referring s(n+1), cases of sign change can be found in the gray shaded areas of the elliptically shaped pdf in the
following figure:

Pr{b(n) = 0] =

I cases of sign change
|
I
|

Similar to the transformation in (2.145)ff., the problem can better be solved in the sum/difference coordinate system yi/y2. Due to the
symmetry over all quadrants, the probability of a sign change can be expressed as

Y (1=p)+y,  (+p)

o Y
Prlsgn(s(n +1)) # sgn(s(n))] = T j e 0 dy,dy,

Since after thresholding with C=0, Pr(O)—Pr(l), the probability of sign change can directly be used as Pr(0|1)=Pr(1|0) in the Markov
process.
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Problem 3.1

A vertical sinusoidal test pattern is shown on an HD display (N2=1080 lines) with height H. A viewer is observing from a distance
D=3H.

ry

¢
¢

3H

a) Total viewing angle: 2 arctan((H /2)/3H ) = Zarctan(l / 6) ~18.92°. There are approximatlely 5-18,62=94,62 periods vis-
ible on the screen, the wavelength is 0.0105H.

b) H corresponds to 1080 sampling units, one period is approx. 0.0105-1080~11.41 samples.

¢) Yes, since the viewing angle would be half and the number of cycles/degree would be doubled

d) (2.258) is type-1I DCT, where the basis vector t1 represents a sampled version of half a cosine period. With the result from
b), the block length should be approx. 23 (precisely 22.82) samples.

e) With 3H viewing distance, one cycle (two lines) relates to 18.92/540~0.030537 degrees, therefore the spatial frequency is
28.54 cy/deg. The number of cy/deg scales linearly with the viewing distance, therefore it would be visible as 60 cy/deg at

a distance od 3H-60/28.54~6.3H. Assume that the HVS of an observer has an ideal cut-off frequency of 60 cy/deg. Beyond
this distance, the pattern would be perceived as gray.

Problem 4.1

1 o} 1 )
R(D) = log, 7 :E[logzav ~log, D |

1 1/2 q)ss(f) 1 1/2 1/2
:Ejlongdf:E [ log, @ (f)df~ [ log,Ddf
-12 —1/2 ~1/2
=log, D
1/2
= [ log, @ (f)d f =log, 0,
-1/2
[‘J’zlagzwss(f)df} ,
- 2 -2 _ 2]082"v B O-vz
Vs O_Sz ‘752 O_Sz
b) 1 62 1, of 1, o2 1, o(1-p)
R, = —log, = ——log, ~— = —log, —~ — —log, ————~
o = log, 3~ —Zlog, - =—log, 7=~ log, —

- —— -
R(D) uncorrelated R(D)correlated
1 21 ol 1 ) 1 )

:EIng D _EIOgZF_Elogz (l—p ) = _Elogz (l—p )

2D :O-vz = O-sz(l_plz)(l_pzz)

2

) s2 1= p2)(1=p.2
=R, :%logz 0-5 _%logzo- ( plD)( P )__;logz(l_plz)_;10gz(1_p22)

p1=,=0.95 : Rg,10=1.679 bit ; R 20=1.679+1.679=3.358 bit

o (1-p7)-(1-p)
D

max

9 R(D,.)=3loe;

D, <®.(1/2,1/2)=0, (1_/"2)2- (=p) .
1+2p +p" 14+2p,+p,
:O_Z(1_p1)(1+p1).(l_pz)(l'*'pz)
T +p) (1+p,)’
o2 U=p) (=p)
T (1+p) (4p)
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O-sz(l_p1z)(1_p22)
¥ 0=p) (=p)
P (+p) (1+p,)

=R(D,,,)= %log

—Jog [+ ) (14 ) |=lo [+ p) 1+ )]

,D1=p2=0.95 . R(Dmax)zl.92 bit

201 A2
d) (Dss(f): O (1 p) .
1—2pc0s(2nf)+p
o (1-p") 1-p?
O(f,=1/8)=0 (1/8)=—" =c/ S
1—2p§+p2 l—ﬁp+p

21 p? 2
O-s( p):O_ZIP

o(f, . =1/4)=0,01/4)=
(mdx ) ss( ) 1—2p-0+p2

1+ p?

21_ A2 _
o (d=p) __2l-p

o(f =1/2)=0_01/2)=
( max ) SS( ) 1+2p+p2 S 1+p
@/Gsz fmax: 1/8 fmax: 1/4 fmax: 12
p=0.5 1.3815 0.6 0.3333
p=0.95 0.1744 0.0512 0.0256
Problem 4.2

Entropy: 1.92 bit
Shannon code: z1=2 bit, o= z3= z4=3 bit, R=2.6 bit

Huffman code: z1=1 bit, z2=2 bit, z3= z4=3 bit or z1=22=23= z4=2 bit, R=2 bit in both cases.

Problem 4.3

a) H(S= —[0,25-log2 0,25+0,75-log, 0,75] =0,5+0,311=0,811bit

b) Pr(0,0)=0.25-0.25=0,0625=2"
Pr(0,1) = Pr(1,0)=0.25-0.75=0.1875=3-2"*
Pr(1,1)=0.75-0.75=0.5625=9-2"
Pr(0,0,0) =0.25° =0.015625=2"°

Pr(0,0,1) = Pr(0,1,0) = Pr(1,0,0) = 0.25% -0.75 = 0.046875 =32
Pr(0,1,1) = Pr(1,1,0) = Pr(1,0,1) = 0.75° - 0.25 = 0.140625=9-2"°

Pr(1,1,1)=0.75° =0.421875=27-2"°
c) i(j)=—log, Pr(j) ; zjallocated number of bits

First-order probability : Encoding of separate source symbols

source symbol i(j) [bit] Zj Shannon Zj Huffman
0 2 2 1
1 0.415 1 1

Rshannon=0.25-2 bit+0.75-1 bit=1.25 bit
Ruuffman=0.25-1 bit+0.75-1 bit=1 bit

Joint probability of second order: Encoding of source symbol vectors, K=2

source symbol i(j) [bit] Zj Shannon Zj Huffman
0,0 4 4 3
0,1 2415 3 3
1,0 2415 3 2
1,1 0.830 1 1

Rshannon=(0.0625-4 bit+2-0.1875-3 bit+0.5625-1 bit):2 =0.96875 bit=H + 0.1578 bit
Ruffman=(0.0625-3 bit+0.1875-3 bit+0.1875-2 bit +0.5625-1 bit):2=0.84375 bit

=H+0.03275 bit

Joint probability of third order: Encoding of source symbol vectors, K=3:

source symbol i(j) [bit] Zj Shannon Zj Huffman
0,0,0 6 6 5
0,0,1 4.415 5 5
0,1,0 4.415 5 5
1,0,0 4.415 5 5

Solutions - 15 -
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0,1,1 2.830 3 3
1,0,1 2.830 3 3
1,1,0 2.830 3 3
11,1 1.245 2 1

Rshannon=(0.015625-6 bit+3-0.046875-5 bit+3-0.140625-3 bit+0.421875-2 bit):3
=0.96875 bit=H + 0.1578 bit

RHuffman=(0.015625-5 bit+3-0.046875-5 bit+3-0.140625-3 bit+0.421875-1 bit):3
=0.8229 bit=H + 0.0119 bit

d) Using (2.163) :
Pr(0|1) =Pr(0)-[Pr(0[1)+ Pr(1|0)] = Pr(0|1)-[1-Pr(0)] = Pr(0)-Pr(1] 0)
Pr(0)-Pr(1/0) _0.25-0.5
Pr(l) 075
Pr(0]0)=1-Pr(1|0)=0.5 ; Pr(1|1)=1-Pr(0|1)=0.8333

Pr(0|1) = =0.1666

e) Using (2.135) :

Pr(0,0) =Pr(0]0)-Pr(0)=0.5-0.25=0.125

Pr(0,1) = Pr(0|1)- Pr(1) = 0.1666 -0.75 = 0.125

Pr(1,0) =Pr(1]0)-Pr(0)=0.5-0.25=0.125

Pr(1,1) = Pr(1|1)- Pr(1) = 0.8333 -0.75 = 0.625
The bit allocation of the Huffman code is identical with the result of ¢). As however the probabilities are different, the rate is:
RHuffman=(2-0.125-3 bit+0.125-2 bit +0.625-1 bit):2=0.8125 bit

f) Using (2.182)-(2.183):
H(b)|,_, =0.1666-2.58496 +0.8333-0.26303 = 0.650022 bit

H(b)|,, =0.5-1+0.5-1=1 bit
H(b)=0.25-1+0.75-0.650022 = 0.73751 bit

Problem 4.4
a)H(S)=0.8log,0.8+0.2log,0.2=0.7219 bit

b) Boundaries of probability intervals:

0["A"]0.8["B"]1

0["AA"]0.64["AB"]0.8["BA"]0.96["BB"]1
0["AAA"0.512["AAB"]0.64["ABA"]0.768["ABB"]0.8]"BAA"]0.928["BAB"]0.96["BBA"]0.992["BBB"]1

¢) Boundaries of code intervals, 3 bit accuracy :

0["0"]0.5["1"] 1

0["00"]0.25["01"]0.5["10"] 0.75 ["11"] 1

0["000"]0.125["001"] 0.25 ["010"] 0.375 ["011"] 0.5 ["100"] 0.625 ["101"] 0.75 ["110"] 0.875 ["111"] 1

Boundaries of probability intervals, rounded; underlined intervals exactly correspond with code intervals underlined above, which
results in the following mapping:

O[NAH]O.75 NB" 1 HB"_)HI lll

O["AA"]0.625["AB"]0.75 "AB"—>"101"

O["AAA"]0.5["AAB"]0.625 "AAA"-"0"; "AAB"—"100"

The computation of the mean rate (per source symbol) must be modified as compared to (11.29), since the number of source symbols
Kj must be considered individually for each code symbol j:

4

K.

R=1"Pr(j)
i i
Pr("B")=0.2 ; Pr("AB")=0.8-0.2=0.16

Pr("AAA") =0.8’ =0.512 ; Pr("AAB")=0.8"-0.2=0.128

= R:0.2-2~l+0.16~3~1+O.512-1~1+0.128-3-l
1 2 3 3

—_— Y Y - Y
B8 "AB" TAAA" "AAB"

~0.4+0.24+0.17066 +0.128 = 0.93866 bit

Problem 4.5
a)  Method 1 (Fig. 5.1a): 1-2-4-1-1-1-1-2-3. Method 2 (Fig. 5.1b): 1-0-4-1-1-0-3:
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<)

Solutions - 17 -

Pr,(1) = Pr(1]0)-[Pr(0]0)] ™ 5 Pr(1) = Pr(0| 1)-[Pr(1 | D]

Pr(l) = — 1O ___PrOID____ 6666
Pr(0| 1)+ Pr(1|0) Pr(0[1)+Pr(1| 0)

Pr, (1) = Pr(10) = 0.4

Pr,(2) = Pr(1]0)- Pr(0]0) = 0.4-0.6 = 0.24

Pr,(3) = Pr(1] 0)- Pr(0] 0)> = 0.4-0.36 = 0.144

Pr.(1)=Pr(0|1)=0.8

Pr.(2)=Pr(0|1)-Pr(1]1)=0.8-0.2=0.16

Pt (3) = Pr(0]1)- Pr(1|1)* = 0.8-0.04 = 0.032

=0.3333 ; Pr(0) =

According to Fig. 11.18b, only the run-lengths Pro(l) are encoded, but the special case I=0 must also be regarded. To get a con-
sistent result, it is assumed that any run of "0"-bits starts after a "1"-bit and is terminated by reaching the state "1" again. This
gives a probability for a run-length | > 0

Pr,(1) = Pr(0]1)- Pr(0| 0)"" - Pr(1] 0).
The probability of a run I=0 is

Pr,(I =0) =Pr(1|1).
It is straightforward to show that all run-length probabilities sum up as unity:
Pr(1]1)+ ) Pr(0[1)-Pr(0]0)"" - Pr(1]0) = Pr(1| 1)+ Pr(0[1)- Pr(1| 0)- Y Pr(0] 0)'

I=1 1=0

=Pr(1]1)+Pr(0|1)-Pr(1] 0)- =Pr(1|1)+Pr(0|1)-Pr(1] 0)-

1-Pr(00) Pr(1]0)
=Pr(1[1)+Pr(0[1) =1.
As all run-lengths >3 shall be handled by the ESCAPE symbol, for which the probability can be computed as follows:
Pr('1=0" =Pr(1|1)=0.2
Pr('l =1 =Pr(0|1)-Pr(1]0)=0.8-0.4=0.32
Pr('l1=2"=Pr(l =1)-Pr(0]0)=0.32-0.6=0.192
Pr('l =3"=Pr(1 =2)-Pr(0|0)=0.192-0.6 =0.1152
Pr('ESC") :l—iPr(I) =1-0.2-0.32-0.192-0.1152 =0.1728.
1=0

A Huffman code design gives: ESCAPE and |=3 : 3 bits ; I=0, |=1 and I=2: 2 bits.

Problem 4.6
a) Training sequence vectors:

X(O)={=1 0% x(1)=[-3 =21 x(2)= [ 1 1]% x(3)= [-5 —41"; x(4)= [0 1]";
x(5)=[1 0% x(6)= [2 2]"

1% iteration: Squared distances according to (4.61)

x(0) x(1) x(2) x(3) X(4) x(5) x(6)
Yo 1 S 8 25 5 5 18
Y1 5 25 0 61 1 1 2
In partition of yo: x(0) ; x(1) ; x(3)
In partition of y1: x(2) ; x(4) ; x(5) ; x(6)
-1-3-5 0-2-47 T
V= T 24 s )
T
o :[1+0+1+2 1+1+0+2} o
‘ 4
2 jteration: Squared distances according to (4.61)
x(0) x(1) x(2) x(3) x(4) x(5) x(6)
¥Wo,0pt 8 0 25 8 18 20 41
y(l)l,opt 5 25 Q 61 l l Z

In partition of yo: x(1) ; x(3)
In partition of yi1: x(0) ; x(2) ; x(4) ; x(5) ; x(6)
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-3-5 —2-47
y(Z)o,om:[T T} =[—4 —3]T

@ | -1+1+0+1+2 0+1+1+0+2
lopt — 5 5

T =[0.6 0.8]'

b) After 1% iteration: Pr(0)=3/7 = i(0)=1.2224 ; Pr(1)=4/7 = i(1)=0.8074
2" jteration: Distances according to cost function (4.83), A=0, are identical to result a)
2nd jteration: Distances according to cost function (4.83), A=65, are given in table below

x(0) x(1) x(2) x(3) x(4) x(5) x(6)
yDoopt | 8+79.5 | 0+79.5 | 25+79.5 | 8+79.5 | 18+79.5 | 20+79.5 | 41+79.5
=87.5 =79.5 =104.5 =87.5 =97.5 =99.5 =120.5
yDiope | 5+52.5 | 25+52.5 | 0+52.5 | 61+52.5 | 1452.5= | 1+52.5= | 2+52.5
=57.5 =71.5 =52.5 =113.5 53.5 53.5 =54.5
Modified allocation to yo: x(3)
Modified allocation to yi: x(0) ; x(1) ; x(2) ; x(4) ; x(5) ; x(6)
-5 47 T
@  _ _
y O,0pt |:T T:| _[_5 _4]
T
Ca. —1-3+1+0+1+2 0-2+1+1+0+2 -[0 0'4]T
-0p! 6 5
Equation of separation line according to (4.85):
4
2[x +1 X, +0.5]-L} =-1-0.415 = 8%, +8+6X, +3=-0.4151
=0: % X% g 2765:04154=27: K% % 4
1y (1 19y (L1
8 6 4 3
Xz
AN
AN 1 x(6)
\\\ y )
N \\\ 4%((4) LX(Z)
N N o &6
[IRNEL l RN T [ %
o N
N N+
\\ yum \\
AN N
X x(1) <
\\\\ %%\\\
AN separation line
S AN € 1=0
\\
\\\ P
\\
\\ﬁ%
N\
N\,
A%s\eparation line
1 =65
Problem 4.7
L[+ <A
a) 2A
Ps (Xl > Xz) =
0, else
b) Solution graphically from triangular areas Pr(| Xll >A/2)=2- 2;2 % A.g =1/4
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X, X,

¢) Voronoi lines are principal axes of 45°, as all reconstruction values on coordinate axes have same distances from the origin.
Optimum is a=A/2 (centroid of Voronoi regions at the centers of the squares, due to uniform PDF)

X/ Lok Ty

d) Ul=| 2 2 || ™| (see Figure)
X X
2 > 2 2

X, X,

Y

vl
sl

€) Quantization error identical within all Voronoi regions, can be derived by the A%12 formula for uniform quantization error
variance (related to samples; variance per vector would have double value) :

2 2
o WA w

a 12 24
Problem 5.1
2
) ID:g}=0(1-p")=4-(1-)=1 =G="5=4
O-E
2
. 3 3 o-s _
2D : Uez:052(1—/’12)(1—%2)=4'(1—z)'(1—z)20-2535:02 =16

e

b) ID: RG:—%logz(l—pz):—%logz(O.ZS)zlbit

D Ra :_%Ing (1—p12)—%10g2(1—p22)

= 2(—%10};2 (0.25)j =2bit

c) At the input of the predictor P, the reconstruction signal §(n) must be available. This can be computed from the original signal
s(n) by adding the quantization error:

§(n) = 5(m) —q(n) = s(n) - [ &(n) ~ & (n) ] = s(n) ~e(n) + & (n)

e(n) eq(n)
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Problem 5.2

With U=2 according to (2.287):

22 V2o

2 2 o-{l p} 2 2 10_{1-#;) 1+p}{1 l}o_{l+p 0}
V2o o2 e LNz V2] 2 T l=p o pdl 1) L0 1-p
Ne NeG M g Ne  Ne - s
2 2 Co 2 2 S
S S

T 77

ele’} =al(1+p) : Elc’} =al(1-p)

With U=3, using results from Problem 2.14:

£{Coz}=asz(1+%p+§p2) ; S{Clz}zasz(lfpz) ; £{sz}=asz[lf§p+%pzj

With separable transform, U=V =2:
8{0002}2052(1"’/71)(1"'/02) > E{sz}:o'sz(“'pl)(l_pz)
S{Cloz}:crsz(l—pl)(l+pz) ; 6{0“2}:0'52(1—;)1)(1—;72)

With separable transform, U;=V=3:

4 2 4 2
£{c002} = O-sz [1+§pl +§plzj[1+§pz +§,022]

8{0012} =0/ 1+§p1 +§p12j(1_p22)

Sele b ol
— M &l C
_ §] ; { k } _ UIU2 ) kiky
TC,ID o ] %, TC,2D UtU,1 %.Uz
leley] TiTee. )
k=0 k=0 k,=0
1
e.g. U=2 Greip =
1-p°
e - 1 1
Ui=U2=2, p=pi=p2: Greap = > = -2
’ 2 2 -
{0soy -2y -0y 177
Theoretical gain, 1D from (4.33) = G, = !
1- p2
Theoretical gain, 2D (4.41) = G,, = %
(1-a7)-(1-42)
Grc,1p,U=2 Gre,1p,U=3 Grc2p,Ui=U2=2 | Grcop,U1=Ux=3 Gip G2p
£=0.5 1.1547 1.204 1.3333 1.4497 1.3333 1.7777
£=0.95 3.2026 4.7125 10.2564 22.208 10.2564 105.194
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Other example :

p:09 1 s GlD,opl=5.8 173

DCT with U=2 : Grc,10=2.4119 ; U=3 : G1c,10=3.2253

DCT with U=8 provides the covariance matrix of transform coefficients Ccc

[ 6.344  0.000 -0.291 0.000 -0.066 0.000 -0.021 0.000 |
0.000 0.930 0.000 -0.027 0.000 -0.008 0.000 -0.002
-0.291 0.000 0.312 0.000 -0.001 0.000 0.000 0.000

,| 0.000 -0.027 0.000 0.149 0.000 -0.001 0.000 0.000

-0.066 0.000 -0.001 0.000 0.094 0.000 0.000 0.000

0.000 -0.008 0.000 -0.001 0.000 0.068 0.000 0.000

-0.021 0.000 0.000 0.000 0.000 0.000 0.055 0.000

| 0.000 -0.002 0.000 0.000 0.000 0.000 0.000 0.049 |

which gives Grc,10=4.6313, and also illustrates that the coefficients are not entirely uncorrelated.

Problem 5.3
Lo {—1 —1/2} {1 1/2}
a) T '= =
detT|-1 1/2 1 -1/2
. . . . . NS
b) Basis vectors have different norms (not unity). Equivalent orthonormal transform is § = X< _
2 —
1 1 o, (1+p)
c) :E{COZ}:Z.S{(s(n)Jrs(nJrl))}=Z[‘g{sz(n)}+2¢£{s(n)x(n+1)}+.£{sz(n+1)”:T
E{clz}:E{(s(n)—s(n+1))2}:[e{sz(n)}—Zﬁ{s(n)s(n+1)}+€{sz(n+l)ﬂ:2052(1—,0)
d) g_s:qu{l 1/2}[q0}:{q0+q1/2}
1 -1/2 a Q()_QI/2
2
8{[§—s]T[§—s]}:€{(qo+ql/2)2}+€{(q0—q1/2)2}:2{£{q02}+8{(%j H
Consequently, the quantizer step size effecting the quantization error go should be half of that relating to q.
e)
/4 1/4 1/4 1/4
/72 1/2 -1/2 -1/2
T4 =
1 -1 0 0
0 o0 1 -1
Problem 6.1
o1 < 1
a) Image 1: NINZ;%\s(nl,nz)—s(nl,nz)\=§D20—19\+\17—18\+...+\14—13\]=1
Image 2 : NIN ZZ\S(nl,nz)—§(nl,n2)\:é[\20—20\+\17—17\+...+\14—23\+...+\14—14H:1
Y2 mon
1 s 2 1 2 2 2
b) Image I: =3 3 (s(n,.n;)~5(n.n,)) =§[(2of19) +(17-18) +..+ (14-13) =1
ri2onom

2
PSNR = 10~10g10$ =48.13 dB

Solutions - 21 -
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Tmage 2 : ﬁZZ\s(nl,nz)—ﬂnl,nz)\ :é[(zo-zo)2 H(17-17) 4 (14-23) . (14-14)7 [ =0
1

2 m

2
PSNR =10-log,, % =38.59 dB

Interpretation: If the squared error (energy of error) criterion is used, single high deviations are penalized more strictly than for the
case of errors which are widely dispersed over the image. This phenomenon is in accordance with the visibility of errors (single high
errors are clearly visible, not being masked by the image content).

Problem 6.2
a
a
00000 0 0 0 0 0 000 0 0 0
~ oo 111 . 0 0 05 05 05 A 000 1 1 1
yS=loo1 11 iy S=| 0 os 1 1 05 iiiy S=o 1 1 1 o0
00111 0 05 1 1 05 001 1 1 0
00000 0 05 05 05 0 001 0 0 -1
00 0 0 0 0o 0000 00 0 0 0
0 1 05 05 -05
01 00 A CEol 0 us o o s 01 0 0 -1
DE={0 1 0 o -] i) i : i) g={g o o0 0 o
0 05 0 0 -05
01 0 0 -1 00 0 0 0
0 -05 —0.5 05 0
00 0 0 0 0 -1 0 0 1
c) -
00 0 0 0 00000 0.0 0 0 0 00000
- 00 0 0 -1 0o 0o o 0 0 0 of -1 L o111
1)S=010071+00111=01110 = S—-S=|oo0000
01 0 0 -1 oo 111 o1 1 1| o0 00000
00 0 0 0 0000 0] 0 0 0 0 0 00000

Impulse response of the predictor filter: 2!, i.e. S is generated step by step from § by a shift of one sample. Feedback of the wrong
prediction resulting by one transmission error — the deviation is the convolution of the transmission error by the impulse response of
the inverse prediction error filter (synthesis filter), B(z)=1/(1-z') = b(n) is a discrete unit step function horizontally. Subsequently,
the matrices for cases of both 2D predictors are given, which allow to better understand the effect of 2D error propagation.

0 0 0 0 0 0 0 0 0 0
- 0 0 05 05 -05 0 0 0 025 0375
S=|0 o5 0o o -o05|+| o 0 0.5 0625 025
0 05 0 0 -05 0 025 0625 0625 0375
| 0 -05 05 05 0 0 0375 025 0375 -0.125
ii) _ s
0 0 0 0 0 00 0 0 0
0 0 05 075 0125 ~ o 1 05 025 0125
=l o 05 05 o065 -025|=S—S=|0 05 05 0375 025
0 075 0625 0625 -0.125 0 025 0375 0375 0.125
| 0 0125 —025 -0.125 -0.125 0 0125 025 0125 0.125
00 0 0 0 00 0 0 0 00 0 0 0 00000
~ 00 0 0 -1 00 0 0 0 00 0 0 -1 ~ o111
iii) S=| 0 0 0 0o of+|/0o 0 0o 0 -1|=l0o 0 0 0 1|=>S=S=|o 1111
00 0 0 0 0 0 0 0 - 00 0 0 -1 01111
0 -1 0 0 1 0 0 -1 -1 =2 0 -1 -1 -1 -1 01 111
d)
00 0 0 0 o 0 0 0 0 o0 0 o0 o] [o 0o 0o 0o o
2, 1 — 1 1 1 -1 1 2, 1 2, 2,
.~ |01 A A - O A A A/ oo 551 RV I S V)
=9 —-—8= 2, ] — = 1 1 1 -1 1 2, = 1 2, 2,
E=S-S=|0 1 % 4|~ S o Yo¥ oy Wit oo Y2 o %% |y
2, ] _ ] ] ] 1 ] 2, 1 2, 2,
0 3 3 1 0 3 3 0 3 0 0 2 1 0 1 3
0 000 0 0 0 0 0 0 0 o o] o 0o 0 0 o
K, §
0 0o 0 0
37 1710 -2
~ of% Al %
= Q=S-S=E-E,=|0|% %o -%
0 22 l} 0 ,23
00 00 0
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Interpretation: Feedback of quantization error. The values of Q appear shifted by one sample (convolution by impulse response of
predictor filter, z!) in the prediction error signal E.

Problem 6.3
a)
29 4 2 0 59 6 2 0
-8 0 -1 -11 0 0 -1
I, = I, =
-2 2 -1 1 -2 1 0 0
1 5 0 0 0 2 0 0
232 32 16 0 236 36 16 0
@, — -64 0 8 -8 @, -66 0 0 -16
-16 16 -8 8 -16 12 0 0
8 40 0 O 0 32 0 0

b) Case 1: 0,0,0,0,1,1,0,0,0,0,0,0,EOB. Case 2: 0,0,0,0,1,2,1,1,EOB

¢) Row-wise scan:
Case 1: 11+7+5+1+9+1+3+3+5+5+3+3+3+7+1+1 bit = 68 bit = 4.25 bit/coefficient
Case 2: 13+7+5+1+9+1+1+3-+5+3+1+1+1+5+1+1 bit = 58 bit = 3.625 bit/coefficient

d)
235 35 15 3] [232 32 16 0 33 -1 3
@ |67 3 5 -9/ |-64 0 8 -8 [-3 3 -3 -l
c-Cc9, = - _
17 13 =7 9| |-16 16 -8 8| [-1 -3 1 1
5 37 2 1 8 40 0 0] |-3 -3 2 1
235 35 15 3] [236 36 16 0 -1 -1 -1 3
@. |-67 3 5 -9/ |-66 0 0 -16| [-1 3 5 7
C-C%; = - =
-17 13 =7 9| |-16 12 0 0 -1 1 -7 9
5 37 2 1 0 32 0 0 5 5 2 1
e)
1 @ v_ 1 5 ) 5 255°
> (=W ) = 9:3°+1:2°+6:17|=5.6875 =PSNR =10lg =40.58 dB
uv &4 )16 5.6875

2

=35.65 dB

LZZ(cuv—cmguv)zzi[1~92+2-72+3.52+2-32+1.22+7.12}=17.6875 =PSNR =101g 255
uv &4 )16 17.6875

2
O-v

1
R(D) =—1
(D) 5108

- R(D»—R(Dz)—%log{%}

With the difference by distortion, theoretically a rate difference of 0.8184 bit could be expected. The actual difference is only 0.625

bit, which can be explained by the fact that the frequency weighting is suboptimum when the distortion criterion is the unweighted
squared error.

Problem 6.4

a) H=l1 in case Pr(X=black)=Pr(X=white)=0.5; maximum number of bits 16-1=16.

b)  Pr('b)=0.25, Pr(w)=0.75= H =—log,;—log,=—log,;—log,3~2--1.6=0.8
c) Pr(‘b’,’b’)=1/16, Pr(‘b’,’w’)=P(‘w’,’b*)=3/16, P(‘w’,’w’)=9/16

#bits | Symbol| Probability

1 ww 9/16

2 W,s 3/16

3 SwW 3/16

3 S.S 116

R:l 21+i2+13+i3 :l.ﬂ:ﬂ
2116 16 16 16 2 16 32
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d) 1) Pr(‘w’,’w)=5/8, P(‘b’,’w’)=P(‘w’,’b’)=P(‘b’,’b”)=1/8
i) P(‘w’,’w’)=1/2, P(‘b’,’w’)=1/2, P(‘w’,’b*)=P(‘b’,’b’)=0

e) 1) 5+2+3+3 bit for the code +1 bit signalization = 14 bit
ii) 4+8 bit for the code +1 bit signalization = 13 bit (better)
Advantage of ii) would e.g. not apply when the Huffman code from c) is used, as the combination (‘b’,’w’) is encoded by 3 bit.

Problem 6.5
0} =0.(1-p*)=16-(1-7)=7=R(D,,) o 16
2) | o) o) . 7 Cops = 0'Sz "7
= IngD —2:D =2"=D,, =% v

b) 5{‘#}{?} 8{[s(n)+s(n—1)]2}:[\/25J ol[2+2p]=0](1+p)=16-1=28
6{012}{?] 6{[s(n)—s(n—1)]2}:[fj o2[2-2p]=02(1-p)=16- =4

1
Coding gain GZZM:L:GOW =\/E:> Dzm:Dmin\/Ez\/z
28-4 7-16 G, 7 7 16

2

. . 1 o, 1
c) 1i)optimum: R=_log,—=—log,7~1.4
28D T

ii) using T:
) e} Aot _! ~
R log, +1log, +[log, 28+1log, 4)] =1 [log, 7+2+2)] >

Ele’ =0 (14p) =49 1 &[c,’}=¢&{c, ) =0l (1+p)(1-p)=7

9 , i(49+7+7+1) 16

8 2 — 2 1— =1 G — -

{Cn } O ( p) =05, J497.71 7
Problem 7.1

a) (113)= @ (f,f,)=20_(f, fz){l—Re{f}'( P, (al,az))H
o)1)t 1

:>d)ee(f,,fz):2(DSS(f,,fz)[l—é(l+2cos(2nf,))(1+2cos(2nfz))}
b) Condition in the stop band of the filter: ®_(f)<d_(f)).
Cutoff frequency f, :®(f, ):dDee(fl)
O (f)=D,(f)= 2<1>55(f)[ (1+2cos(2nf ))}:gtbss(fl)[l—cos@nfl)]

=1= ﬂ—icos(an1 )= 1 icos(21cfl )= cos(2xf,) = LN f, =021
3 3 3 3 4
¢) Note: Error in problem formulation. Periodic power density spectrum should be ¢gs(f)=A|1-2f|, |f|<1/2

1/2 1 1
o= 2Aj (1-2f)df, = zA[E—ﬂ =0.5A

1

1/2 1/2
02 = 8A (1-2f,) [1 cos(2nf )de—3{4—jcos(2nf df+2jfcos (2nf )df}

e
0

_2A 1—7[s1n(2 f,) ”2+4{ ! cos(2nf, )+ f, sin(2nf, )}”2 2A{1—i} 0.396A
3 21 3 T
2
=G =25~1.26; Gy, =101gG ~1.01 dB

e
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8AO.21 1/2
0l == [ (1=21,)-[1-cos(2nf,) Jd f, +2A [ (1-2f,)d f,
0 0.21
8A_ 0.21 0.21 11
===1021-0.21" - | cos(2xf,)d f,+2 [ f, cos(anl)df1}+2A{——O.21+0.212}
3| ! ) 2 4
2A 2r . 40 1 .
-5 0.6636—;[sm(2nf,) °§1+;{ﬂcos(2nf1)+ f, sm(21rf1)}°';1 +0.1682A
L T 0.1067

=0.1025A+0.1682A ~ 0.2707A

2
=G=-2-~185; Gy, =10-log,,G ~2.668 dB

O e it

Problem 7.2
a) Vector ki : 102 +10% +0% +(=10)2 =300

Vector ka2 : 202 +20% +207 +20% =1600
Vector Ki is the better choice according to this criterion.

NER R N A T

by |2 2 [[1o 101 T 52 0 [T 505
R R N PC TN Y-S i [ERE
L 2 2 ] 2 2 L 2 2 ]
V22| V2 2 V2 o2
S 2|0 2075 S| [2042 2042) |5 5| _[40 0
V2 V220 20[02 20 0 0 V2 V2o 0
L 2 2 ] L 2 2 L 2 2 ]
Bit allocation in case of ki : 7+ 7 + 9 + 7 bit = 30 bit
Bit allocation in case of ko : 13+ 1+ 1 + 1 bit =13 bit
In both cases lossless coding of the (discrete) prediction error signal. Choosing kz gives a much lower number of bits, which can
be explained by the high spatial correlation of the prediction error signal.

Problem 7.3

In the following block diagram the notation definitions used for the signals are given. For the top figure, the signals are marked by
superscript "(1)", for the bottom figure, superscript "(2)" is used.

" )
+ e, e
R i S ® ® aB

Base

as
, o+

a
Enhancement eg,

H
O

D)o

All the subsequent formulations are made in the spectral domain, where the motion-compensated predictor is defined as a linear
system of transfer function Hmc(f). The base layer is identical for both structures. Hence, the following relationships hold:

SOM =8O =S () : EVEO)=EXM)=E (f)

EQM=EQM=E () ; SYO=S21)=5 1)
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Further, as both reconstructed signals shall be equal:

o & . Eu®  EGD
=SV = m b oy oB QE
SH=570 [ans(f“EQaE(f)L—HMC(f) R TG ETINT

= Eng(f)z Eg’E(f): EQ,E(f)

This leads to the following definitions of prediction estimates:

SOE) =H,y(f) QB( )*E0® d $O(f)=H () Fa:(D
—ost T Teert et
Me MC(f) ! " Mc(f)
Eos® .
= SP0-SPM=Huc® i =Hue®-5 0

Finally, the prediction errors at the enhancement quantizer inputs are:
EY{)=S(H-SPMH-E ()

=SE)—H,.(f oD+ E o, (O E (f
=S(f)- MC<)T— 0n(®

E,.(5
=S ~Hyye(h) —— - Q,B(f){nl_Hmc(f)}

Hye (F) Hyc (F)
=S(f)—H(f s (! S (f
=S(f)—Hy( )m— N
EQ()=S(f)-S>(H)-S _(f)
E.(®
=S(f HMcfi S (f
() —Hue 55,0

= EO(f)=EX(f)=E,(f)

Consequently, not necessary to implement two recursive loops in the decoder, if only the enhancement layer signal shall be decoded.

Problem 7.4

2 2

% _6=>D=22 L
D 2 256

1
a) 3 log,

1 1 .
b) Reip = _EIng(l -p)= Elogz (4)=1bit
Roap = 2R p =2 bit

c¢) The shaded area is uncovered and has to be newly encoded. This is 1/9 of the total area, and would on average require 1/9 of the

bit number that would be necessary to encode a complete frame by intraframe coding.
80

50

d) Number of pixels to be encoded: 90x50 (1 frame) + 90x50x1/9 x9 (subsequent frames) =9000; 9000 pixel x 4 bit/pixel =
36000 bit.

e) 4500 pixel in 1% frame = 9000/4500=2 bit/pixel. Considering the coding gain by utilizing the spatial correlation:

© Ohnv/IENT 2016



Solutions - 27 -

1

oy o’ 1 1 __D 16
D=—1-p)1-p)="—=—=—1=10 _1¢

I 22R1( p1=py) 216 16 D 1

256

f)  Coding distortion from the previous frame is fed into the prediction error signal. The spectrum of the prediction error signal
then is, according to (7.14) Dee(f1,f2)=min(Dss(f1,2),0)

The coding distortion from e) is white noise, as according to the following estimation condition (11.23) still holds, i.e. encoding
is performed within the range of "high distortion":

DI;(l—pl)(l—pz).m: (1“5/2)2 IRILE
(1+p1)(1+p2) (1+\/§/2) 7/4+\/§

=(7/4—x/§)2~256z0‘0004-256z0.1>%

Hence in this case, ®=D1 and ®ee(f1,f2)=D1=const.
Problem 7.5

For simplification, a one-dimensional case and compensation errors ke are used subsequently; extension to multiple dimensions is
straightforward. From (7.19),

|E, (f )|2 =[S(f )|2 [j e "M gin (Tc fk, _, )+ je ™ gin (n fk, ., )] [—j "™ gin (n fk, )— je!™ sin (n fk, ., )J +|R(f )|2
= |S( f )|2 [sin2 (n fk, | ) +sin’ (n fk, .,

From this, in case of statistically independent and zero-mean deviations Kg+1 and K1, the cross-products come to zero when the
expectation is computed. Therefore,

byo (1) =4 (f )a{[smz (nfk,_,)+sin’(x fkm)J} +¢ (f) =g (f )[%—%S{cos(Zn k, ., )} +%—%£{cos(2n fk, | )}}
=g (f ){l—% T P, ., (a)cos(2nfa)da —% T P, , (a)cos(2n f a)da}+¢"( f)

=g (D]1-Re{F{p, @} |+, (1) when p, (@)= p, _ (@).

When Ke+1=K:--1=Ks, the result becomes identical to uni-directional prediction in (7.9), which is explainable by the fact that systemat-
ically the same wrong compensation is performed from both preceding and subsequent frames.

B, ()= g (DE{[ 25in” (m ik, )+ 250’ ( Tk, ) [ cos” (w Tk, ) +sin’ (x fk, )] ]} + 4, ()

=20, (H[1-{cos (2n 1k, )} ]+ 4, (1) = 20, (D)] 1-Re F{p, (@)}} |+, () .
When Kg+1=—Kg-1=Ks,
o (1) =0 (1)E {[ZSin2 (mfk,)—2sin’(n fkg)[cos2 (mfk,)—sin® ( fk, )ﬂ} +4,.()

=g ()& {[ZSin2 (mfk,)—2sin’(n fkg)[l —2sin’ (n fk, )ﬂ} +4,.(f)
= g (DE{[4sin* (nfk, ) |} + 4, (1) = 26, (1)E{[1-cos” (2n fk, ) ||+, (T)
=sin’ (2n fk, )

— g (D[1-€fcos(4n K, )} ]+ ¢, (1) = 4, (D) 1-Re(F{p, Ca}} |+, (1) .

The PDF is becoming narrower and therefore, its Fourier transform is becoming wider. As a consequence, the increase
of spectral power towards higher frequencies is typically even less than in the statistically independent case. As an
interpretation, the systematic behaviour of misaligning in one direction for the preceding and in the other direction for
the subsequent frame is equivalent to additional spatial lowpass filtering.

The subsequent picture illustrates the advantage of bidirectional prediction for the case of wrong motion compensation
of an edge. In case of unidirectional prediction, a peak of width k. appears in the prediction error signal e(ns). In case of bidi-
rectional prediction, though two peaks appear at distinct positions, their amplitude is reduced by half, such that the prediction error
energy is also reduced by half.
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unidirectional bidirectional
>k >k [
s(ng-1) s(ng-1)
estimated motion k—> estimated motion k,—>
s(ns) s(n3)
«— estimated motion k.,
—Pktd—
e(n3)=s(n;) - s(nz-1) s(ny+1)
e(nz)=s(n3)
- 0.5 s(n3-1)- 0.5 s(ny-1)
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